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INTRODUCTION

The field of applied mathematics consists of the part of mathematics that can be
useful in solving real life-problems. Since surprisingly often even the most exotic
mathematical techniques can be applied on real-life problems, applied mathemat-
ics is still a very broad term. In fact, most mathematical sub-fields can be classified
both under applied mathematics and pure mathematics.

Numerical mathematics is a field that would rarely be seen as purely theoretical
mathematics, since its applications are so obvious. The term numerical mathemat-
ics is not always clear to laymen; they sometimes wonder if not all mathematics is
numerical. Numerical mathematics focuses on mathematical methods that can be
implemented as computer programs, which then solve the problem under consid-
eration.

Even before the advent of computers numerical mathematics existed, but then as a
far more academic subject. It is only since the computer has become mainstream,
that numerical mathematics has become a highly applied discipline. Due to the
ingenuity of modern numerical algorithms and the computational power of mod-
ern computers, highly complex problems can be solved that could not be solved
without numerical mathematics.

An important sub-field of numerical mathematics concerns the solution of ordi-
nary differential equations (ODEs) and partial differential equations (PDEs). Many
real world problems can be formulated in terms of systems of differential equa-
tions. These can often only be solved by means of numerical mathematics. Espe-
cially engineering and physics provide numerous problems formulated in terms of
differential equations, but in other disciplines differential equations are frequently
encountered as well.

In this thesis the focus lies on time-dependent PDEs. To solve these equations
we apply the method of lines. This implies that first the spatial derivatives are
approximated by finite differences, i.e., they are discretized, yielding ODEs in time.
Then a time stepping method is applied to integrate the resulting semi-discrete
problem in time.
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We focus on problems with spatial variables, but the methods presented are
equally well applicable to problems with other independent variables. For in-
stance, in option pricing models one encounters the Black-Scholes equation [22].
This equation has the form of an advection-diffusion-reaction equation when one
interprets the value of the underlying asset as a spatial variable.

The focus of this thesis lies mostly on systems of PDEs of the advection-diffusion
type. These systems are frequently encountered in applications. They, for instance,
play a prominent role in the mathematical modelling of pollution of atmospheric
air, surface water and groundwater. Advanced models are three-dimensional in
space. Their 3D nature and the necessity of modelling transport over long time
spans requires very efficient algorithms and implementations of algorithms.

In the past, much research has been done on developing efficient solvers, notably
advection schemes, tailored integrators for stiff systems of ordinary differential
equations and other time stepping techniques. This has already led to significant
progress. However, for advanced 3D modelling, computer capacity (computing
time and memory) still is a severe limiting factor.

1.1 Sparse grid combination technique

A technique that might be capable to overcome the dimension obstacle is the sparse
grid combination technique which is considered in Chapters 2, 3 and 4 of this the-
sis. This technique was proposed in 1992 by Griebel, Schneider and Zenger [9]
and can be viewed as a specific implementation of the sparse grid approach as first
introduced by Zenger in 1990 [23].

Proof of convergence of the combination technique for elliptic problems is given
in [4] and [19]. Error analysis for the combination technique applied to elliptic dif-
ferential equations can be found in [20]. In [16] we give a point-wise error analysis
for the representation error that is inherent in the combination technique.

The idea of the sparse grid combination technique consists of solving the problem
not on a single fine grid, but on a set of coarser grids with different mesh width
aspect ratios. The resulting solutions are then combined to obtain a single, more
accurate solution as if we are using a single fine grid. Le., provided the solution
is sufficiently smooth, the sparse grid combination technique can yield a solution
comparable to a single fine grid solution at significantly lower computational costs.

For example, when we denote 2D spatial grids covering the unit square and having
mesh widths h, = 2~/ and hy = 2™ by O™, then the set of grids used in sparse
grid combination consists of

QN0 QN-11 0N (1.1)

and of
QN-10 ON-21  0N-1 (12
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The solutions f'” found on Q'™ are then combined to get a single more accurate
solution fN'N on the grid QNN according to

N N-1
fN’N % 2 PN,Nfl,N—I . Z PN,NfI,N—l—lI (1.3)
1=0 1=0

where PNN is a prolongation operator that maps a grid function from a coarser
grid onto QNN. In Figure 1.1 the grids with solid lines, except QNN | are used in
sparse grid combination.

N=3

/
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Figure 1.1: Set of grids used in sparse grid combination.

The total number of grid points used in the sparse grid combination technique can
be found by a straightforward calculation that involves summation of grid points
in the grids that are used, see e.g. Chapter 2 of this thesis. By doing this we find
that, asymptotically for large numbers of nodes n per spatial direction, the number
of scalar ODEs that must be solved for a spatially d-dimensional problem, is only
proportional to

n(log(n))?? (1.4)

which, for large 1, behaves as n. When we compare this with the n scalar ODEs
that we obtain from discretization on a single grid, we see that we have essentially
reduced a d-dimensional computation to a one-dimensional one.

This saving in complexity is only meaningful if the sparse grid combination tech-
nique yields a solution that is sufficiently accurate. By analyzing the discretization
error we find that for a p-th order spatial discretization, the error due to the sparse




4 INTRODUCTION

grid combination technique is
O(k? (log(n))*") (1.5)

(see e.g. Chapters 2, 3 and 4 of this thesis), compared to O(hP) for a single grid of
mesh width h.

Thus, neglecting the logarithmic factors in the asymptotic limit, the sparse grid
approach is as accurate as a single grid approach while reducing a d-dimensional
complexity to a one-dimensional complexity. These estimates make clear that the
sparse grid is especially attractive for high dimensional problems, since then the
savings from complexity reduction are most pronounced.

Above accuracy estimates are valid for smooth solutions, especially it is desirable
that higher order cross derivatives take on only moderate values. When higher
order cross derivatives are large, the sparse grid combination error is generally
much larger than the above estimates indicate, rendering the sparse grid combina-
tion technique less effective than expected on the basis of the above estimates.

In the combination technique a number of problems are solved on conventional
grids. These problems are all independent of each other, therefore the combination
technique is inherently parallelizable. For a successful parallelization of a sparse
grid combination technique see [8]. Other publications on parallelized sparse grids
include [7] and [6]. The software developed in the present sparse grid research is
currently being parallelized as well.

In [21] and [3] the combination technique is presented as a special case of multivari-
ate extrapolation and is compared with other multivariate extrapolation methods.
A distinct advantage of the combination technique, relative to the hierarchical ba-
sis implementation of the sparse-grid technique as introduced in [23], is that the
former involves a straightforward discretization and solution of the PDEs on con-
ventional grids while the latter leads to a linear algebra problem with nearly full
matrix.

Generally the sparse grid method is studied in the context of finite element meth-
ods, however, in [13] and [14] a sparse grid finite volume method is presented.
In [2] an implementation is worked out in detail for multidimensional Helmholtz
equations.

There are similarities between sparse grid methods and semi-coarsened multi grid;
in fact the methodologies can be combined (see for instance [18] and [11]).

Another important possibility of the sparse grid method is adaptivity. By intro-
ducing suitable accuracy measures, adaptive sparse grids can automatically cap-
ture important features of a solution. In [17] an adaptive sparse grid approach
is successfully applied to a problem which has a solution with strongly localized,
anisotropic features.

The majority of sparse grid publications is concerned with application to elliptic
differential equations. Some exceptions are [10] which deals with time-dependent
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fluid dynamic problems, [12] which deals with hyperbolic conservation laws, and
[1] which deals with parabolic problems.

1.2 Mixed gradient-diffusion equations

In Chapter 5 the focus of this thesis shifts towards the numerical solution of mixed
gradient-diffusion equations. The gradient equations are ordinary differential
equations while the diffusion equations are partial differential equations. Solv-
ing these different sets of equations simultaneously is a numerical challenge since
it is not a priori obvious how to implement the coupling between the different sets
of equations.

The motivating application behind the work on mixed gradient-diffusion equa-
tions is an axon growth model presented in [15], see also [5]. In this model the gra-
dient equations describe the growth of the axons in linear combinations of gradient
fields of chemical concentrations, so-called attractants and repellents. These attrac-
tants and repellents are solutions of the diffusion equations with source terms. The
numerical challenge is to accurately compute the paths of the particles in the nu-
merically computed concentration fields.

Numerical modelling of axon growth contributes to the understanding of the
growth process of axons which in turn is indispensable for future medical ap-
plications. Treatment for neural disorders can be improved in a systematic way
only with understanding of the underlying biological process. Axon growth is one
of these underlying processes which is certainly not fully understood [15]. Besides
modelling of axon growth, mixed gradient-diffusion equations have a much wider
range of application, but in this thesis we focus on the axon growth application.

1.3 Thesis outline

Chapters 2, 3 and 4 deal with the sparse grid combination technique while Chap-
ter 5 focusses on a method for solving mixed gradient-diffusion equations. Ini-
tially we did apply the sparse grid combination technique to the mixed gradient-
diffusion problem, but we found that this yielded no significant gains relative to a
single grid approach and abandoned it.

Chapter 2 focusses on the sparse grid combination technique as a means of func-
tion representation. We present expressions for the approximation error inherent
in the sparse grid combination technique. We call this error the representation
error. Some numerical examples illustrate that the sparse grid combination tech-
nique is an efficient means of function representation relative to representation on
a single grid.

Chapter 3 considers the sparse grid combination technique applied to pure advec-
tion problems. Explicit error expressions are derived for the discretization error
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that comes forth from the spatial discretization of the PDE. Intermediate combi-
nations are introduced as a means of communication between the different grids.
A number of test cases is considered numerically. The sparse grid combination
technique is shown to be efficient relative to a single grid, but it is also noted that
an even greater gain in efficiency can be achieved by using the simpler Richardson
extrapolation.

Chapter 4 deals with the sparse grid combination technique applied to mixed
advection-diffusion problems. In this chapter more attention is paid to time inte-
gration aspects. In particular, a highly efficient third order Rosenbrock time march-
ing scheme is used, with approximate matrix factorization. Again, expressions are
derived for the discretization error. This chapter focusses especially on problems
with grid aligned solution layers. It becomes clear that the sparse grid combination
technique is especially suited for this type of problem. However, for a more gen-
eral test case, the two dimensional Burgers’ equations, the sparse grid combination
technique is not more efficient than a single grid approach.

In Chapter 5 we study the axon growth model. This model takes the form of
a mixed gradient-diffusion problem. The diffusion equations are spatially dis-
cretized yielding a large set of ODEs. Together with the gradient equations this
set is solved using a second order Rosenbrock scheme with approximate Jacobian.
A key question for axon growth is whether bundling and debundling of axons oc-
curs. It is shown that for our model problem this can indeed occur, albeit for a
narrow range of parameter values. Furthermore, it is shown that it is essential to
properly match interpolation and computation of gradients and source terms. If
these are not properly matched the axon path approximations can become highly
irregular.
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ERROR ANALYSIS FOR
FUNCTION REPRESENTATION
BY THE SPARSE-GRID
COMBINATION TECHNIQUE

Abstract. Detailed error analyses are given for sparse-grid function represen-
tations through the combination technique. Two- and three-dimensional, and
smooth and discontinuous functions are considered, as well as piecewise-constant
and piecewise-linear interpolation techniques. Where appropriate, the results of
the analyses are verified in numerical experiments. Instead of the common vertex-
based function representation, cell-centered function representation is considered.
Explicit, pointwise error expressions for the representation error are given, rather
than order estimates. The paper contributes to the theory of sparse-grid tech-
niques.
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2.1 Introduction

2.1.1 Sparse-grid techniques

Sparse grids were introduced in 1990 by Zenger [6], in order to significantly re-
duce the number of degrees of freedom that describe the solution to a discretized
partial differential equation (pde), while causing only a marginal increase in rep-
resentation error relative to the standard discretization. Representing a solution as
a piecewise-d-linear function on a conventional d-dimensional grid of mesh width
h requires O(h~?) degrees of freedom, while the representation error is O(h?). The
piecewise-d-linear sparse-grid representation requires only O(h~!(logh~1)4-1)
degrees of freedom. In fact, this is only a one-dimensional complexity, while the
representation error is O(h?(log h~1)#-1), which is only slightly worse than for the
conventional, full-grid representation. In 1992, Griebel, Schneider and Zenger [1]
showed that, for two and three dimensions, the sparse-grid complexity and repre-
sentation error can also be achieved by the so-called combination technique. This
technique combines O((log h~1)4~1) representations on conventional grids of dif-
ferent mesh widths in different directions, each containing O(h~!) points, into a
representation on the conventional, full grid. One advantage of the combination
technique relative to the sparse-grid technique, as introduced in [6], is that the
former involves a straightforward discretization and solution of the pde’s on the
O((log h~1)4-1) conventional grids while the latter requires discretization through
a set of hierarchical basis functions, leading to a linear algebra problem with nearly
full matrix. Since the problems to be solved on the O((log h~1)?~1) conventional
grids are all independent of each other, the combination technique is inherently
parallelizable.

In the current work, combination techniques, for two-dimensional and three-
dimensional functions, are analyzed in detail. In particular, expressions for the cor-
responding representation errors are derived. Within the current setup, only a sin-
gle two-dimensional combination technique yields a representation error of order
O(h?log h~1). Likewise, only one three-dimensional combination technique yields
a representation error of order O(h?(log h—1)?). For these techniques, pointwise
expressions for the representation errors are obtained. The expressions are power
series that describe the errors without approximation, thus allowing a derivation
of leading-order terms. Furthermore, a heuristic error analysis is given for the
representation of two-dimensional discontinuous functions. It is shown that for a
two-dimensional step function, the L;-norm of the representation error is O(h!/2).
Contrary to [1], the present derivations do not rely on the error results for sparse
grids, as given in [6]. Instead, direct analyses are given of the steps that comprise
the combination technique. An important advantage of the current approach is
that for smooth functions, explicit expressions for the representation error are ob-
tained, instead of just order estimates. Numerical results that confirm the analyses
are presented.
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The work is directed towards the numerical solution of large-scale transport prob-
lems, governed by systems of partial differential equations of the advection-
diffusion-reaction type. These equations play a prominent role in the mathemati-
cal modeling of pollution of, e.g., atmospheric air, surface water and ground wa-
ter. The three-dimensional nature of these models and the necessity of modeling
transport and chemical reactions between different species over long time spans,
requires very efficient algorithms. When using full-grid methods, computer ca-
pacity (computing time and memory) is and will probably remain to be a severe
limiting factor. Sparse-grid methods hold out the promise of alleviating these lim-
itations.

In order to successfully implement sparse-grid methods for complex time-
dependent problems, a good understanding of the interaction between sparse-grid
representation errors, discretization errors and time-integration errors is crucial.
The current derivations yield expressions for the sparse-grid representation error
that are sulfficiently detailed to be used for the study of this interaction.

2.1.2 The combination technique

The two-dimensional combination technique is based on a grid of grids as shown
in Figure 3.1.

level = 0 N=3

00 / / / QON

B s - P S i B

Figure 2.1: Grid of grids

The task at hand is to e (})ress a given function f(x,y) on the grids QN0, QN-11

. Q% and on ON-10, QN-21 " O0N-1 and then to construct from these
coarse representations a representatxon NN on the grid QN-N. Throughout, upper
indices label grids and lower indices label grid-point coordinates within a grid.
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In sparse-grid literature, it is common to use vertex-centered grids. Yet, for our
future application we intend to use cell-centered grids and therefore the current
work deals solely with cell-centered grids, i.e., grid-function values are located in
cell centers. Furthermore, grids extend over the unit square in two dimensions
and over the unit cube in three dimensions. In two dimensions, the total number
of degrees of freedom contained in the coarse representations, for two-dimensions,
is given by 2N(N — 1) + 1, as can be seen by simply counting the total number of
cells. The test procedure comprises the following steps:

1. The given function is restricted to the coarse grids
ONo, Q0N ON-10 | QON-1,

2. The information on the coarse grids is used to construct a representation fN-N
on the finest grid.

3. The re};\’x'esentaﬁon error is determined by comparing the representation fN-N
with fNN je., with the function f(x,y) directly restricted to the grid QN-N,

All restrictions are done by injection, i.e., to a cell 05’]'-", a function value

= fed =5 (G+ pt G+ prm)

is assigned. In step 2, the fine-grid representation is not found directly from the
coarse-grid representations. Rather, given the representations on {Q"", ] +m =
N, N — 1}, representations on {Q2"™,1 + m = N + 1} are generated and this process
is then repeated up to I + m = 2N. Furthermore, representations are not generated
from all representations on the previous levels but only from nearest neighbor rep-
resentations, i.e., the representation " is generated only from the representations
f’"l,m—ll fl—l,m and fl—l,m—l_

2.2 Error accumulation

2.2.1 Introduction

In the following we analyze the representation error E''™, which we define as
Elm = flm _ flm, (2.1)

The quantity that we are interested in is EN'V, the representation error on the finest
grid. At this point, we introduce prolongation operators P™ which are linear oper-
ators that map grid functions from a grid Q'™ into grid functions on the finer
grid Q'™ (I > I',m > m'). We consider representations that satisfy the following
relation

fl,m _ { fl’m, forl+ m <N,

aPl,mf"l—l,m + ﬁpl,mj’-‘l,m—l + ,),Pl,mf"‘l-l,m—lf for! +m > N. (2'2)
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The coefficients &, § and 7, together with the choice of prolongation operator plm,
define the combination scheme. In Section 2.3, it will be shown that the choice a =
B =1, = —1 causes a number of error terms to cancel, leading to a representation
error of the desired order, ENN = O(h?logh~!). We denote this choice by the
[1,1, —1] scheme. Likewise, [}, 3,0] and [0, 0, —1] schemes are considered.

The local error ¢'™ is defined according to

gm = aPl'mf’_l’m + ﬁpl,mfl,m—l + ,rpl,mfl—l,m—l —fl'm, (2.3)

in terms of which the following recursive relation for E™ is obtained
El,m = el,m + apl,mEl—l,m + 5Pl,mEl,m——l + ')’Pl'mEI-l'm_l. (2.4)

Equation (5.9) shows that to find the representation error ENN we have to find
an expression for the local error ¢ and solve ENN from (5.9) such that ENN is
expressed solely in terms of local errors.

In the remainder of this section, we obtain expressions for the representation er-
ror ENN in terms of local errors e/ by solving the recursive relation (5.9) for the
(3,1,0], the [1,1,-1] and the [0,0, —1] schemes. Furthermore, it is shown that
these schemes can also be replaced by e%uivalent direct schemes that directly pro-
longate the coarse representations on QN9, ..., Q0N OQN-10,  O0N-1 onto the
finest grid QNN

2.2.2 The [%, %,O] combination scheme

For the [%, %, 0] combination scheme, the recursive relation (5.9) reduces to
1 1
Im _ Jm , “plmpl-1m | - plmplm-1
EM=e +2P E +2P E . (2.5)

Using (2.5) and the fact that E'™ = 0 for I + m < N, we prove the following
theorem

Theorem 1 For a = B = 1, = 0, the sparse-grid representation error on the finest grid
is given by

N |
ENN =} ) oltm-2N ( 2N1\7 : M ) PN-Nglm, (2.6)
I=1m=1 -
Proof:
Assume that
EN,N — mil 2—n i ( n ) PN,NeN—i,N—n+i +2—m i ( m )PN,NEN—i,N—m+i
=0 =0\ ! o\ !

(2.7)
holds for a certain m. (Note that it is true for m = 1 because then it simply reduces
to (2.5).)
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Then, by substituting (2.5) into (2.7), we obtain

ENN  _ ):;nz—l 2-myT ( 71' )PN,NeN—i,N—n+i —o-mym, ( ':1 )
PN.NN—i,N-m+i
= 92—(m+1) )3 ( ':’ ) (pN,NEN—i—l,N—m+i + PN,NEN—i,N—m+i—1)
= 2—(m+1))::gl ( iTl )PN,NEN—i,N—m+i—1
+2—(m+1)):1zr;0 ’:1 PN.NEN—i,N-m+i-1

11— 1

— o—(m+1) Zﬁlg\’ 'ml +< '{l> PN.NEN—i,N-m+i-1
+2—(m+1) (PN, EN—m—l,N—m +PN,NEN,N—m—1)

— o-(mtyym [ M+1 \ NNEN-iN-mti-1
2 gy (M1 ) PNNE

—(m+1) m+1 \ ,NNpN—m—1,N-m m+1
+2 (( 1) PN w(m
PN,NEN,N—m—-

1
= 2-(m+1)ymid ( m+1 ) PN.NEN—i,N—(m+1)+i
= 1

(2.8)
and thus

ENN  _ E;?:O 2-n E?:o r: )PN,NeN—i,N—n+i +2—(m+1) E:n;(-)l < m ;{— 1 )
PN,NEN—i,N—(m+l)+1.
2.9)
Therefore, if (2.7) holds for m, then it holds for m + 1 and since it is true form = 1
it follows that (2.7) holds for all m > 1. Substituting m = N into (2.7) and using
the fact that E'™ = Qforl + m < N, yields
N,N Nil i n N,N _N—i,N—n+i
ENYNY = 27" ( . ) PN gNTUN—AH (2.10)
=0 =0\’

which, after substituting ] = N —iand m = N — n + i, yields (2.6).

Theorem 2 Fora = = %, v = 0, the representation on the finest grid is given by

N
_ N _
fNN =2 N} ( N1 ) S @211)
1=0
Proof: Assume that
m .
f-‘N,N —o-m E ( 7:1 ) pN.N f’-‘N—i,N—m+1 (2.12)
i=0
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holds for a certain m. (Note that it holds for m = 1 because then it reduces to (2.2).)
Then, by substituting (2.2) into (2.12), we obtain,

fN,N = 2mym, ( ':1 ) % (PN,N f‘N—i—l,N—m+i + PNN f"N—i,N—m+i—l)
— p-(m+1) ():;n:il ( iTl ) PN,Nf“N—i,N—(m+1)+i
+X7, pPN.N fN—i,N—(m+1)+i

_ m m i N_ :
= 2 (m+1) E'm=1 o1 ; PN’NfN i, N—(m+1)+i
4 PNN PNN—(m+1) 4 pNN ¢N=(m+1),N

_ e 1( m+1 N,N #N—i,N—(m+1)+i
2—(m+1) Z:n;(—) ( ; ) PNN N~ (m+1)+i
(2.13)
Therefore, if (2.12) holds for m, then it holds for m + 1 and since it is true form = 1

it follows that (2.12) holds for all m > 1. Substituting m = N into (2.7) and using
the fact that f™ = fl™ for I + m < N, yields

NN _ 5-N NN PN.N (N—iji 214
pon -y () P, @19
i=

which is equivalent to (2.11).

2.2.3 The[l,1, —1] combination scheme
For the [1, 1, —1] combination scheme, the recursive relation (5.9) reads
El,m — el,m + Pl,mEl—l,m + Pl,mEl,m—l _ Pl'mEl_—l'm_l. (215)

Using (2.15), we proof the following theorem

Theorem 3 For « = B = 1,7y = —1, the representation error on the finest grid is given

by

N 1
ENN =}y pNNlm, (2.16)
I=1m=1

Proof Assume that

m-1 n m m
EN’N — Z E PN,NeN—z,N—n-H + EPN,NEN—I,N—m+1 _ E PN,NEN—I,N—m-H—l

n=0i=0 i=0 i=1
2.17)
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holds for a certain m. (Note that it is true for m = 1 because then it reduces to
(2.15).) Then, by substituting (2.15) into (2.17), we obtain

EN,N _ Er OE? PN,NeN——i,N—n+i
= =()
— Ezr'nO PN,NEN—i—l,N—m-H' +PN,NEN—i,N—m+i—1
_PNNEN-i—1L,N-m+i-1y _ym | PNNEN-i.N-m+i-1
= Y™ PNNEN=i-LN-m+i _ym ‘pN,NEN-i~1N-m+i-1 (2.18)
+PN,NEN,N—m—1
— E:’:E]l PN,NEN—i,N—m+i—1 _ E::{il PN,NEN—i,N—m+i—2
4P ,NEN,N—m—II
hence,
NN _ m n N,N ,N—i,N—-n+i m+1 pN,NpN—i,N—(m+1)+i
E = YT YL, PNNe + 1 pN.NE

— Em-lil PN.NEN=i,N=(m+1)+i-1 (219)
m .

Thus, if (2.17) holds for m, then it holds for m + 1 and since it holds for m = 1, it
follows that (2.17) holds for all m > 1. Substituting m = N into (2.17) and using
the fact that E'™ = 0 for | + m < N, yields

N-1
EN,N — Z iPN'NeN_i'N_n+i, (2.20)
n=0 i=0

which is equivalent to (2.16).

Theorem 4 Fora = B =1, = —1, the representation on the finest grid is given by

N N-1
fN,N _ E pN.N fl,N—I _ Z pN.N fI,N—l—l’ (2.21)
1=0 1=0

Proof: The proof is given by induction. Assume that

m m—1

fN,N — 2 PN,NfN—f,N——M-{-i _ PN,NfN—l—i,N—m+i (222)

holds for a certain m. (Note that it holds for m = 1 because then it reduces to (2.2).)
Then, by substituting (2.2) into (2.22), we obtain

]é‘N,N — ):111_1_0 (PN,NfN—-i—l,N—m+i + PN,NfN—i,N—m+i—l _
PN,NfN—i—l,N—m+1'—1 _ )::'1_1—_—1 PN,N ¢N-1—-i,N-m+i

— 21";0 pN,NfN—i,N—m+i—1 _ P(}V,NfN—i—l,N—mH—l) (2_23)
+PN,NfN—m—1,N

— Z:v:dl PN,NfN—:',N—(m+1}+i _ )::n:() PN,NfN—i—l,N—(m+1)+i_

Therefore, if (2.22) holds for m, then it holds for m + 1 and since it is true form = 1
it follows that (2.22) holds for all m > 1. Substituting m = N into (2.17) and using
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the fact that f*™ = '™ for I + m < N, yields

N ~ N-1 .
fN,N _ ZPN,NfN—z,I _ Z PN,NfN—l—IJ’ (2.24)
i=0 i=0

which is equivalent to (2.21).

224 The [0,0,1] combination scheme

For a = B =0, ¥ = 1, the recursive relation (5.9) reduces to
El,m — ef,m + Pl'mEl_l'm_l. (225)
It is straightforward to show that (2.25) leads to

N
ENN = Y pNNJI (2.26)
I=[N/2]+1
and to
fN,N — pN.N f[N/ZHN/ﬂ, 2.27)

where [N/2] denotes the integer part of N/2.

2.2.5 Discussion

In the current section, the representation error EN'N was expressed in terms of the
local errors "™ for the [}, 3,0], the [1,1, —1] and the [0, 0, —1] schemes; see equa-
tions (2.6), (2.16) and (2.26), respectively. Furthermore, expressions (2.11), (2.21)
and (2.27) were obtained. They express the representation ¥V directly in terms
of the coarse representations fN9, fN-11 _  fON ang fN-10 ¢N-21 (O.N-1
Equation (2.21) corresponds to the combination technique as introduced in [1].
Inspection of (2.21) shows that the combination technique can be viewed as an
extrapolation technique, see [5] and [4] for discussions of the combination tech-
nique from the extrapolation point of view. Note that for the [1,1, —1] scheme,
the expression for the representation error (2.16) simply states that the representa-
tion error ENN is equal to the sum of the local errors on the grids (Y™ satisfying
N > 1+ m < 2N (the lower-right half of the grid of grids depicted in Figure 3.1).

2.3 Local errors

We now turn to analyzing the local error e"™ for two-dimensional functions f, i.e.,
we will determine the error that we make when we approximate a grid function
f"™ by the combination

aptmfl=lm | gplmdm=1 4 plm ff -1m-1 (2.28)
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In Figure 2.2, corresponding sections from the grids (0'~1™, Qb1 Ql=1m-1 and
Ql™ are shown. The squares mark locations for which function values are de-

Ql-l,m-l Ql-l,m
0 m] o olo|lo|o|o
X X
1 m] u] 1lolo|o|o
0 1 0o 1 2 3
obm-1 Qhm Ay
: " " 1 goodo
9 o X o 2 X
i x 3 " 3 o oo
01 2 3
j’y—’

Figure 2.2: Sections of grids involved in combination

fined on O/~1"-1. Likewise, the circles and the diamonds belong to (/=1 and
Qlm=1, respectively. The cross (x) represents the location of the cell center, on
Q!™, at which the combination (2.28) will be generated. For the prolongations
phm fl=1m plm glm=1 ang plmfl=1m-1 e take linear combinations of the func-
tion values on grids Q/~1™, QF=1 and QF~1m-1, respectively, i.e.,

/

(Pl,mfl’,m’> = 2 l/)l ~1m' m . (2.29)

Ix,]x

Note that in Figure 2.2 both i and jx are even; the lP,lfl ;’l'ml_m in (2.29) also corre-

—lm'—m

spond to this case, the dependence of the l[) on iy and jy is suppressed in

the notation. The function values fi, i "at pos1t'10ns (xl?f’/, y;: ), corresponding to the

squares, circles and diamonds, are expressed as Taylor series taken at the location
of the cross (x), yielding

p'q!

o o P aP ‘7f
I'm' _ I'—1Lm'—m Ax! I'—1,m'—m Ay ix/x
fi/,]" = pg%)qg;) (X 2 ) <Yi/,j' 2 ) 7 (230)
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where
-1 _ y-1,-13T _( -3 -3
XA = =t 7 1)
-4 —4
(x-W] = o1 | T2 2, (2.31)
2 2

—-11 _ 1v=1,01T _ -3 -3 -3 -3
x> =[] = ( 11 1 1)
Note that Xf,',_.,l""""‘ and Yil,llf,l""l"" are scalars; they are elements of the matrices

[X""'"’""’] and [Y""'m'”"'], respectively. The indices on the matrix elements

start at zero, i.e.,
Ago Aop
[A]=] 410 A

Again, the matrices [X”"’"’l""] and [Y”‘l'""“"'], as given by (2.31), are valid

when ix and jx are both even, as in Figure 2.2. Combining equations (2.3), (2.29)
and (2.30), the following expression for the local error is obtained,

00 2 : 13791
L £ (—0ax\* [ (~1yxaym* &L
eixr';ljx = lx";x + Z Z ‘Pp,q ( ) ( 2 p|ql| ] ’ (232)

p=04=0

“Ex 0): —10 (X—lo)?’ Y—l,o q

BLlo Do r/f?, (x0)7 ()’ @3)
+ B Do () (Y

The factors (—1)* and (—1)/* have been inserted to ensure that (2.32) is valid for

arbitrary ix and jx while [1[1""""'”’"], [X"""""’"] and [Y"“'"‘""‘] are taken to

correspond to even i and jx. We refer to (2.32) as the error expansion. We will now
work out the error coefficients ¢, for two specific prolongations, i.e., for specific

choices of the interpolation weights 1[:5,' ]'7"

$r.q

+

2.3.1 Piecewise-constant interpolation

For the prolongations, the simplest choice is piecewise-constant interpolation,
which amounts to taking

= (32) Bl (38 08). e
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From (2.33), we find that this leads to

a+B+y a+y a+qy

Bty v v
=] B+v y vy o - (2.35)

and therefore, according to the error expansion (2.32), to

I,m ix Ax! papf'x gx
il = By DA BT (0 ) S

+ (@+7 I ((—1)]x y ) ‘%(A
+ L T (( 1)ix Axl)P
(NN iy

From (2.36), it is apparent that, to obtam consistency, & + 8 + v = 1 must hold.

(2.36)

The [%, %,0} piecewise-constant scheme.

For a combination scheme that requires representation on only a single level of
grids, either 7 = 0 or « = B = 0 must hold. In principle, the choice y = 0 leaves
us the freedom of choosing & and B, provided they satisfy « + = 1. However,
we only consider the choice & = B = 1. This choice is not completely arbitrary; it
provides a symmetric dependence of the local error el on Ax! and Ay™. We thus
obtain the [%, %,0] piecewise-constant scheme, to which corresponds the following
local error

oo 7o pf, qa"f}'"’.
L,,,]X _%§< ),x ) xfx 1 Z (( 1)]x ) _yq_:ﬁ (2.37)

1
p' ql

Using (2.37) and (2.29), we obtain the following for ”PN Nl H

[prvem], = [acsh (4) merdip= o

+53470%)z,'””N1y%f
15 () ]+ 33 ()07,
= 45 {(F) oAl + (%) o8

To obtain the desired expression for EN-N, equation (2.38) is now substituted into
(2.6), yielding

IA

oo _ 2N—-Il-m
[E¥N, < 3 A S 2 (PN

()

(2.39)

() B}
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Since the grids ('™ extend over the unit square, we can write Ax' = 27! and
Ay™ = 27™, Substitution of these relations into (2.39) gives

|ENN| ., < 7):;1—1—1-):1 1 T 2™ ZN( 2N—£?
{20 o], + 2 i}

Performing the summations over I and m yields

(2.40)

0 2—(N+1)p 1-2-
p=1 p! 1-2°

%] < LAY e

Writing out the first few terms of this error expansion gives
20 < §(()" - (1)) 0l s}
4 ((3)"- (0)") {1+ o]} + -

(2.42)

so, to leading order,

v~ <2 (%)N {1041l + 3yl oo} +© ((g)N) - @9

On the finest gnd QNN the mesh widths in x- and y-directions are identical, h =
AxN = AyN =2-N Rewntmg (2.43) in terms of this mesh width yields

[EVN] < 3HC952) {1af o+ 2fll o} + 0 (hOPED). 22

Equation (2.44) shows that the [1, }, 0] piecewise-constant scheme has a represen-
tation error of order 2 — log, 3 ~ 0.42.

As a test of the above derivations, we examine the simple case f(x,y) = x +y. This
case is particularly attractive because it allows us to obtain an explicit expression

for [[ENN||_ (in contrast to an upper bound). For f(x,y) = x +y, equation (2.37)
reduces to 1

=1 ((—1)‘xAx' + (~1)ix Ay"’) (2.45)
and thus

—1-m [ 2N — l
B = DT (N ) el
((—1)"2" + (—1)i’2—m) :

For piecewise-constant interpolation

(2.46)

|-N,m—N
‘Pi']'

= ‘Sl'ile—N'l -, |']x zm—N'l _]'/;
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where J is the Kronecker delta. Using (2.47), we transform (2.46) into

N,N 1N ! - 2N—-1-m
Eje = Lt Zmo2*" 2”( NI

(2.48)
((—1) [ix2 ] =1 4 (—1)[32"M] 2—'") .

This expression is maximal for iy = jx = 0, thus

IENN

_ 2N -1- _ -
%EIILIELFOZI-H" ZN( N-1 " ) (2 '+2 m) (2.49)
A\ NV _(1\¥ .
- (-0
Numerical tests show that, for f(x,y) = x +y, the error || EN-N|| _ is indeed exactly
- \V_(1\N
glvenby (Z) - (i) .

[1,1, —1] piecewise-constant scheme.

Equation (2.36) reveals that when we take « + ¢y = B+ v = 0, the error terms
that depend only on Ax or only on Ay vanish. Combining these requirements with
a+pB+y=1gives

a=p=1 y=-1 (2.50)

This choice of «, B and 7 constitutes the 1,1, —1] combination scheme. For the
present case, (1,1, —1] combination with piecewise-constant interpolation, equation

(2.36) yields
—b™ 1 2.51
i = Pglq=1(( : 2) (( > ) PQ' @51)
and thus
PrA q
N,N I,m Ax —y
el < EE o (3) () e, e
Substitution of (2.52) into (2.16) yields
N |
[E%], < 2 7-3 2 sy 3 2. 253)

I=1m=1

Asymptotically, this yields

NN < i (%)NN 33y f|,, + © ((%)N) , (2.54)
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in terms of the mesh width h, this becomes
[ENN|_ < 3htogy it [2dyfll, + O (). (2.55)

Thus, the [1, 1, —1] piecewise-constant scheme has a representation error of order
hlog, h1.

Again we examine a simple test case, viz. f(x,y) = xy, which yields

1(/1\N N\ /n\V
NN _ - —{ = )
[ =3 ((2) N (2) + (4) ) ' (2:56)
Numerical results confirm that representation of f(x,y) = xy by the [1,1, —1]
piecewise-constant scheme agrees with (2.56) within machine accuracy.

[0,0, 1] piecewise-constant scheme.

We now consider the choice « = B = 0, v = 1. This choice does not represent a
real sparse-grid combination scheme because it constructs NN from only a single
coarse grid-function, e.g., from fIN/2IN/Z]_Yet, we do include the [0,0, 1] scheme
for comparison, in particular with the [}, 3, 0] scheme. We make this comparison
because Hemker [2] pointed out that direct prolongation of f/N/21IN/2] ghould be
superior to the [}, 1,0] scheme. It will turn out that this is indeed true. The [0,0, 1]
piecewise-constant local error is given by

. (3] . m a llm
e:;""].x = E?:l ((_1)zx Axl) fxlX +):q l(( 1)])(%_ q yfx]x

(2.57)
_):p—l):q 1(( )1xAx) (( 1)] AM)qaay

ix ]x

therefore,

HPN'Ne""'“w < oot -r (Ax) | p+ Yo "l'( ) “a;f'l (2.58)
+X 1):q—1 Piqt (Af_) (_;_) yf“w

Substitution of (2.58) into (2.26) yields

2-Np 1 2p (N/2+1)
1Bl < 25 5 |21+ [e5]...} (2.59)
2- N(p+q) 1-2(p+9)(N/2+1) -
+Lpm1 Lot i T || 9%y f ”w /
or, asymptotically,

HEN,NHOO <2 (2—1/2)N {19xflloo + |9y fll o } +© ((%)N) ) (2.60)
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In terms of the mesh width h, this reads
[EN]., < 2572 {1aef e + 2y L0} + O ). (261)

We see that, for piecewise-constant interpolation, the [0,0, 1] scheme has a repre-
sentation error of order %, which is superior to the order 2 — log, 3 ~ 0.42 for the
(1,1,0] piecewise-constant scheme.

2.3.2 Piecewise bi-linear interpolation

Next, we consider bi-linear interpolation as a means of prolongation. The prolon-
gations are therefore described by the following interpolation weights

1 3 1
O e B I g A

£ 5 00 0

Lo 1e]

leading to the following error coefficients

a+B+r 0 (B+7)ho2 (B+7Aos
0 0 0 0
[¢] = | (@+7)r0 0 Az YA23 -,
(@+7)A30 0 A3 YAsz e (2.63)
23)P43 (_3)1+3
Apg = I
and the following local error expansion
e = (@+B+7—1) 7 +(@+7) Eparpo
P &S

(1) S
7 91

. A m IX’.X
B+ Tiahoq (-8 ) T gy
T2 Lgla Apg
9 L fi

((_1)ix Af_l)p ((_l)jx égi) Pt I,

+ +

’\M - g—3g”+3 g—3)‘7+3.

Again, for consistency, we must havea + g + v = 1.
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[1, 3, 0] piecewise-bi-linear scheme.

For bi-linear interpolation, the choicea = g = %, v = 0 gives the following expan-
sion for the local error

e = BTm, S (- ap ) Fa Bl 4 jye, 3
m 9 flm
((—1)]xé£_)q %’F’L

We write the first terms of the summations separately, yielding

(2.65)

2 —

o (2.66)
{(Co=4 ) 3”f,x Tt (- i ) %4 ,x,,x}
For the prolongation of the local error we obtain
S (O R i 74
+z ):p=3 %X,Vﬁzﬂ lP:, Nm— N
{{(-e ) AEfim + (( 174 i} 267)
= A {(ax) s oy
3
+0 ((Ax’) + (Aym)3) .
In obtaining (2.67), use has been made of the following property of bi-linear inter-

polation
)::pf, Nm=N glm _ pNNglm _ (NN 4 0 ((Ax’ )2 + (Ay"‘)z) , (2.68)
Substitution of (2.67) into (2.6) yields
ENN _ % (g)N {ang,N +a§fN,N} +0 ((%)N) , (2.69)
or, in terms of the mesh width &,
ENN _ %h(3‘l°gz5) {3/ N + 32 fN'N} +0 (h(4‘1°329)) . @70

Thus, the 3, }-bi-linear combination scheme has a representation error of order
3 —log, 5 =~ 0.68.
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(1,1, —1] piecewise-bi-linear scheme.

Just as for the piecewise-constant case, taking a + 7 = B + v = 0 removes the error
terms that depend only on Ax or only on Ay. So, again the choicea = =1,y =
—1 raises the order of the local error. For this choice we obtain

1 —3)P+3 (-3)7+3 i I\P
o, = Tyl PR (1))

2.71
(o2 2 @7
Substitution of (2.71) into (2.16) yields
NN _ o 2°P74 (-3)P+3 (_3)ﬂi+3
E - ):p—Z Zq_Z plg! .| 2.72)

Tl Eme1 277 ML, w,xd,:"' N(=1)i=pixagfa} flm

which, in leading order, can be written as

N,N 3 (1\N 22NN 1\¥
v = 3 (D) gz o (1)), @73)

or, in terms of the mesh width A,
ENN = 2 R log, h'822 NN 1+ 0 (1), (2.74)

So, the [1,1, —1]-bi-linear scheme has a representation error of order h? log, k1.

[0,0, 1] piecewise-bi-linear scheme.
Fora = § =0, 7 = 1 and prolongation by bi-linear interpolation we obtain

2
PN.Nlm  _ %{(Axl) aifN,N_*_(Aym)ZaszlfN,N}

3 2 (2.75)
+0 ((Ax’) +(Ay™)® + (Ax’) (Ay"')z) .
Substitution of (2.75) into (2.26) yields, asymptotically,
ENN =2 (%)N{aif’*"ha;f”'”} +0 (G)N) (2.76)
In terms of the mesh width #, this reads
EVN = 2n (NN 1 92NN 1 0 (1) 2.77)

We see that, for bi-linear interpolation, the [0,0,1] scheme has a representation

error of order 1, which is superior to the order 3 — log, 5 ~ 0.68 for the [}, 3,0]
bi-linear scheme.
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2.3.3 A numerical test

We now turn to analyzing the representation error, corresponding to the 1,1, —1]
piecewise-bi-linear scheme, for a specific example. We take

f(x,y) = sin(mx) sin(my) (2.78)

and compare the numerically observed error with the expression for the leading-
order error term (2.73) and with the full error expansion (2.72). According to (2.73),
the error corresponding to (2.78) is given by

N N
ENN _ _36_7;4 (%) Nsin(nxf")sin(ny}") +0 ((i) ) . (2.79)

In Figure 2.3, the solid line represents the analytical result (2.79) for the leading-
order error term, the dotted line represents the numerically observed error. We
consider the pointwise error measured at a grid point nearestto x = y = % (four
grid points qualify, but due to the symmetry of the function this is not a prob-
lem). From Figure 2.3, it appears that the experimental error is indeed converg-
ing to the analytical leading-order result as N increases. In Table 2.1, the ratio

N-1,N-1 _ pN-1,N-1 NN NN 1
(Eanalytical —E | morical)/ (E,‘malyﬁcal — E imerical) i listed for several values of N.
Table 2.1 indicates that EJY ) — Epierical = © ((1/4)N), as it should be ac-

cording to (2.73). Figure 2.4 displays EN'N for N = 4,5, 6. In this Figure, we do |
indeed recognize the product of sines prescribed by (2.79). ‘

As a test of the validity of the error expansion (2.72), the numerically observed er- |
ror is also compared with higher-order approximations of the error. The expansion ‘
(2.72) is evaluated for the test case (2.78) up to p+ g4 < 4,5,6,7,8 and compared

with the numerically observed error. The results are displayed in Table 2.2. Table
2.2 clearly suggests that the series (2.72) converges to the numerically observed |
error, as max(p + q) increases.

2.3.4 Discussion

In this section, the local errors ¢/ were determined for the [%, %, 0],[1,1,-1] and
[0, 0, 1] piecewise-constant and piecewise-bi-linear schemes. The local errors were
inserted into the expressions for the representation error EN-V, yielding error re-
sults for the six schemes. For the piecewise-constant schemes, upper bounds were
given instead of pointwise expressions. The motivation for this is that for point-
wise expressions for the piecewise-constant schemes, the summation over the grid
of grids cannot be performed due to the factors (—1)'*? and (-1)/*9 in the local
error ¢!™. This complication does not appear for the bi-linear schemes since for
these schemes the leading-order term corresponds to p = ¢ = 2, which guarantees
that (—1)*? = (—1)x9 = 1.
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The [1,1, —1] piecewise-bi-linear scheme is clearly the most interesting of the
schemes considered since it has the smallest approximation error. In fact, the
[%, 1,0] and [0,0, 1] schemes were only included for comparison, they are not in-
tended for actual use. When the leading-order error result is insufficient (on coarse
grids or when higher derivatives are not small), it may be necessary to predict the
error with the full error expansion. For the [1,1, —1] piecewise-bi-linear scheme,
the full error expansion is given by (2.72).

analytical (leading order)

= X
% -2 e,
Z 102t numerical

10 !
5
N

Figure 2.3: Numerically observed error converges to analytical leading-order result for N —
oo

N-T,N-T_pN-T,N-1

analytical numerical
EN N _ NN

analytical ~numerical

3.7553
3.9332
3.9817
3.9962
3.9984
3.9996

® N oUW Z

Table 2.1: Orders of convergence
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Figure 2.4: Spatial error distributions for N = 4,5, 6

analytical

_pliA

numerical ||,

0.0131
0.0068
0.0036
0.0010
0.0005

Table 2.2: Higher-order error approximations
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2.4 Extension to three dimensions

The current derivation for the sparse-grid representation error can easily be ex-
tended to three spatial dimensions. The given function f(x,y,z) is then restricted
to grids O™ satisfying I + m+n = N —2,N —1,N. The total number of de-
grees of freedom contained in these grids is given by 2V (N2 — 3N +2) — 1. The
three-dimensional representations are taken to satisfy

fl'"’"‘, forl+m+n <N,

fl’m’" = E?'=—1 E?n’:—l Eg’:—l

al’,m’,n’Pl,m,nf"‘l+l’,m+m’,n+n’ forl +m4+n> N,

00,0 = 0,
a”lm'n — gif] =0,
al' =1 0ifm=0,
o™=l = Qifn=0.

The last three relations ensure that no reference is made to non-existing grid-

functions. Note that, due to the last three relations, the coefficients a’™" are
now dependent on I, m and n. This dependence is suppressed in the notation. The
local error is now given by

0 0
el’m’" _ i E E al’,m’,n’ Pl,m,n j-‘l+l’,m+m’,n+n’ _ fl,m,n. (2.81)

UV'=—1m'=-1n'=-1

The recursive relation for E'™"  for the three-dimensional case, reads

0 0 0
Elmmn — ghmn o Z E E o'’ plimn gL+l mm' nn’ (2.82)

I=—1m'=-1n'=-1

For the two-dimensional case, the optimal combination scheme was found to be
[« = B =1, = —1]. For the three-dimensional case, the choice

100 —g0-10  _ ,00-1  _,-1-1-1_ 1

2.83
a—l,—l,O = a_lrol—l — ‘xol_lr_l = —1 ( )

represents the optimal combination scheme. Analogous to (2.16) for the [x = 8 =
1,7 = —1] scheme, the combination scheme given by (2.83) leads to

ENNN _ Y PN.NN Lmn (2.84)

0<l,mn<N
N<l+m+n
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To evaluate (2.84), we need the following equivalent form

EN,N,N — ZIALI Zln—l PN,N,Nel,m,O
+ ifi ) )fi,=1 PN.N.NLOn
+ EII‘-I_— m Eit:m PN,N,N eO,m,n
- —1-1 y¢~N—-I-
+ (E{il RMED AT WAPLD DM b B m) PN.N.Nelmn,
(2.85)

Just as for the two-dimensional case, the combination scheme given by (2.80) and
(2.83) can be expressed in a direct form that expresses fNN-N directly in terms of
the coarse representations {f"™",1+m+n = N —2,N —1,N}. The direct form
reads

f"‘N,N,N — Z ) E + Z PN,N,Nf"‘l,m,n . (286)
0<l,mn<N 0<l,mn<N 0<l,mn<N
I+m+4+n=N I+m+n=N-1 l+m+n=N-2

The three-dimensional local error is given by
I am, — II iz
= Do T L0 Opar

ix jx Kx

r abalay flomn (2.87)

(("1);“’)” ((—1)"2x Ay’")" ((—1)';x Az") i y;!q.!xri;xxx ’
bpar = Zl’:—l ):m'=—l En’=—1 1- 2’ El —2m' ):1 —2n' l'm
i ) O

where

X = —a-I'+201-1),
YA = 4w 20 -m)j, )

S = —a—n 4201 -k

24.1 Piecewise-constant interpolation

/
1m M

ijk are given

For piecewise-constant interpolation, the interpolation weights 1p

by
1’)5[]’";: L i—2—l’5j—2~m’5k—2—n’- (290)

Substitution of (2.90) into (2.88) yields |

Ppar = E ): Z (8v+1 +010p) (B + Omog) (B 41 + By )l ™. 1
V=—1m'=-1n'=-1
(2.91)
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Substitution of (2.91) into (2.87) and next of (2.87) into (2.81) yields

HEN'N'NHOO < %NZ (%)N [19x8y3:f | ., + © (N (%)N) ! (292)

or, in terms of the mesh width,
|ENN N o0 < 11—6hlog§h-1 12:3y3:f ||, + O (Hlogy k1) (298)

Thus, in three-dlmensmns, the piecewise-constant scheme has a representation er-
ror of order h log2 h1.

2.4.2 Piecewise tri-linear interpolation

For tri-linear interpolation, the 1[), " are given by

ll, !l 'z _ 0 0 ? ? 7
Yigk " = it Do 1 Dy XX XY 294
Xl = Opdia+op (%51‘ + %5'—15

Substitution of (2.94) into (2.88) yields

Ppar = Li—_1Lae_1 Xwe (51' (__35'”—3 +5I"5P)

_ 3y ' ot (2.95)
(m’+1£_3&+5’5q)(n+1'(_3i+5’5) ,mn.
Substitution of (2.95) into (2.87) and next of (2.87) into (2.81) yields
ENNN . = ¥, N, ('Ixy)p'q + Lo X2 (1x2)P” (296)

+ L2 Tota ()™ + Ly Tota K52y (1yz) ™%
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where
y (=37 +3(-3)7+3277P 1 _
(T 27l
e 4 . 4 p'q! :EMZ_:]

I-N,m—N,—-N ixp+i P~ £1,m0
E ‘plxr]x,kx (_1) P ]xqaxa fx}xrkx

lx]x x

p.r ( 3)p+3( 3)r+32 p=r lp—nr
(11x2) 4 4 p'r! ,Elnz“z

—N,n—-N ixp+kx<raPar (00
E lplxjx Kk x ( l)XP xaafxlx,kx
lx]x,kx

’ (=37 +3 (=3 +32797" XN
(12)" 4 4 g El ):;2 "
m=1in=

E 1,].—N,m—N,r—N ( _1)]xq+kx ra‘?ar

o
par (=3P +3(=3)7+3(-3) +327P 777
) 4 4 4 plgir!
N N N N-2N-1-IN—-I-m
(EEE-E2"Y)

=lm=ln m= n=

lx ]x:kx

(ﬂxyz

~lp—mg—nr |I-N,m—Nn—-N
2 _ E 'Pix,jx,kx
Ix,]x Jox
( 1)1xp+]xq+erapaqarfl mn

lx]x x "

The corresponding leading-order term is

N
NNN _ 2 2422 (N,N,N 1
Eijx 1024N (4) %% tijk +O(N (4) ) @97)

or, in terms of the mesh width,

N,N,N _ 2 -1 2 ¢(N,N,N 2 -1
Bl = =2 4h logzh 1322 (NN 1 0 (K logyh7!) . (298)

Thus, the three-dimensional piecewise-tri-linear scheme has a representation error
of order h? logs h~!.

2.4.3 The semi-sparse grid

The combination procedure in the current section started with restricting f(x, y, z)
to grids /™" satisfying I + m +n = N —2,N — 1, N. As an alternative, we now
consider the semi-sparse approach as introduced in 3], which amounts to restrict-
ing the function to the grids Q""" satisfying [ +m +n = 2N —2,2N ~1,2N,
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causing the number of degrees of freedom to increase to 22N~3(7N2 4 29N + 1).
This is an asymptotically two-dimensional complexity, as opposed to the one-
dimensional complexity of the sparse-grid approach. Of course, the semi-sparse
approach is expected to have a smaller representation error.

For the semi-sparse, three-dimensional combination technique, the representations
are taken to satisfy

fl,m,n, forl+m+n < 2N,

flmn _ 0 0 '
fomn = ¥ Yoweo1 Lpreq al'mom
=—1 Pl,m,nfl+l’,m+m’,n+n’

forl+m+n > 2N. (2.99)

The coefficients 2/ ™" are again taken to be given by (2.88), yielding the following
direct form of the semi-sparse combination technique

N.NN _ -
f Z 0<Imn<N 2 E 0<Imn<N + ): 0<I,mn<N
l+m+n=2N I+m+n=2N-1 l4+m+n=2N-2
PN,N,Nf”I,m,n
0<mn<N 0<l,n<N 0<l,m<N
I+m+n=2N-1 I+m+n=2N-1 l+m+n=2N-1
PN,N,N fl,m,n.

(2.100)
The error coefficients ¢4 are the same as for the truely-sparse approach, eg.,
for piecewise-constant prolongation they are given by (2.91) and for piecewise-tri-
linear prolongation they are given by (2.95). The representation error is now given
by

ENNN _ Yy dmm (2.101)

O<l,mn<N

2N<l4+m+n

For piecewise-constant prolongation, the error expansion reads

EN,N,N

[
e
gk
18

~
Py

N’

=

=

where

a9, -p—q-r N N N
()™ = DX Ly alemew
I=1m=N+1-In=2N+1-I-m
I-N,m—Nn—N ixp+jxq+kxraPadar f.mn
E lpixrjx,kx (_1) <P ]xq * axayazf
ix/fx:kx

plqir!

lx,ix,kx )
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The corresponding leading-order result is

“ENNN” <—N2() 9:3,9:f 1 +0 (N(l)N)
ijk e = 16 4) TV 4 ’

or, in terms of the mesh width,
N,N,N 2 -1 N,N,N 2 1
‘ El] k " < i_éh 1082 axayazf + 0O (h logzh ) .

For piecewise-tri-linear prolongation, the error expansion reads

oo o0 00 p’q'
EVNN = Y Y Y (i)
p=2q=2r=2
where
par _ (=3)P+3(=3)143(=3)" +327P9~"
(”xyZ) = 4 4 & plgir!

i N N
I=1m=N+1-In=2N+1-I-m
n—lp—mg—nr E l’bl—N,m—N,n—N

| ix;jx:kx
1x ]x,kx
+ixq+kxr P I nr flomn
( l)le }xl] xaaaflx]xkx

The corresponding leading-order term is

N
N,N,N _ 2 25292 (NNN 1
Eijx’ 1024N (16) LA (N(lé) )
or, in terms of the mesh width,

N,N,N _ 4 17424242 «N,N,N 4 -1
ENA 1024;1 log2 i 182032 (NN + 0 (t1og, hY)

2.4.4 A numerical test

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

As a test of the derivations in the current section, consider the following test case

f(x,y,z) = sin(7ntx) sin(my) sin(7z).

In Figures 2.5 and 2.6, the first-order error expressions (2.97) and (2.105) for
the sparse and the semi-sparse schemes, respectively, are compared with corre-
sponding numerical results. The errors are evaluated at a grid point nearest to
x = y = z = } (eight grid points qualify but due to the symmetry of the function
this is not a problem). From Figures 2.5 and 2.6, it appears that the asymptotic
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expressions (2.97) and (2.105) indeed describe the numerical error of the sparse
and the semi-sparse schemes, respectively, for N — oo. Convergence of the error
expansions (2.96) and (2.104) for the sparse and the semi-sparse schemes to the
corresponding numerical results as max(p + 4 +r) — oo is shown in Figures 2.7
and 2.8, respectively.

2.4.5 Discussion

In the current section, the error analysis introduced in Sections 2.2 and 2.3 was ex-
tended to three dimensions. Besides the sparse grid, also a so-called semi-sparse
grid was considered. The semi-sparse grid was shown to have a representation er-

ror of O (h4 log% h_l) . If the (semi-) sparse-grid representation error would be the

only error to deal with, then the semi-sparse-grid approach would be superior to
the sparse-grid approach. This is illustrated in Figure 2.9, in which the numerically
observed error at a grid point nearesttox =y =z = % is plotted versus the num-
ber of degrees of freedom for the tri-linear sparse and semi-sparse schemes, for
the test function f(x, y,z) = sin(7x) sin(7y) sin(nz). Figure 2.9 suggests that the
semi-sparse-grid approach yields a smaller error for the same number of degrees
of freedom than the sparse-grid approach. However, this suggestion is misleading
since the sparse-grid representation error is not the only relevant error.

In the current setup, the sparse and semi-sparse representations fNN-N are
piecewise-constant or piecewise-d-linear and hence contain an additional error of
O (k) or O (h?), respectively, when evaluated outside grid points. A sensible com-
parison of the sparse and semi-sparse approaches includes this error. In Figure
2.10, the sparse and semi-sparse approaches are again compared, now with inclu-
sion of the O (h?) tri-linear representation error. This error is included by com-
paring the average of grid-function-values nearestto x = y = z = % with the
exact value at x = y = z = 1. From Figure 2.10, it is apparent that when the tri-
linear representation error on the finest grid is included, the sparse-grid approach
yields a smaller error than the semi-sparse-grid approach for the same number
of degrees of freedom, as was expected. In Figure 2.10, we also plotted the con-
ventional tri-linear representation error at x = y = z = } versus the complexity
of the conventional grid, 2°N. Figure 2.10 clearly indicates that for the current
test function, the sparse-grid representation is more efficient than the conventional
representation and, for more than 10° degrees of freedom, the semi-sparse repre-
sentation is also more efficient than conventional representation, but less efficient
than a truely-sparse representation.

If we would only be interested in the solution at grid points of the finest grid
ONNN_ then we might argue that there is no reduction in representation error
for the semi-sparse approach and hence that the semi-sparse approach is more ef-
ficient than the truely-sparse approach. However, so far, we have assumed that
the function f is known exactly at the points contained in the coarse grids. Of
course, when solving a differential equation this is not true. Then, the coarse-grid
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functions are subject to a discretization error. In general, a discretization error of
order O (hZ,arse) On the coarse grids leads to an error of order O (h") on the finest
grid QNN N Therefore, a very common discretization error of O (hZ,,.) also re-
duces the representation error of the semi-sparse approach to O (k?). To exploit the

(@) (h4 log% h‘l) representation error of the semi-sparse approach, a discretization

of O (hgome) would be required. However, if such a discretization were feasible,
then it would be wiser to stick to the conventional full grid, since this would be
more efficient then.

2.5 Discontinuous functions

In this section, we do not require f to be a smooth function. In particular, we exam-
ine the behavior of the error in the case that f is a two-dimensional step function
of the type

0, (1+A)x+(1—-Ay=1. (2.107)

-1, 1+A)x+(1-A)y<1
fxy) = {
+1, T+A)x+(1-A)y>1.

We will obtain expressions for the local error e directly from its defining equation
(2.3) by substitution of values for &, 8, y and 1pf]'" In general, we have

1, _ 1, 3 1 -1,0 1 -1,0 ix Ax!
eivi, = firg, T @LicoLico¥i; fgx + X7 (=1) ‘f‘ryj"l)

x;jx ix
0,-1 —1 i Ay™
+ BT R0l (o Ly + Y2 (-1 )
-1,-1
+ rLicoLj-o ¥

_ . 1 _ : Ay™
GRS RCEE R RS S GV S P

(2.108)

where Xf:]'.'"l and Y,I’]"" are given by (2.31) and where the coefficients gbf:]'.’"l de-
termine the prolongation. Since now f(x,y) is a step function, we assume that
prolongation by bi-linear interpolation will not be superior to piecewise-constant
interpolation. Hence, we will only consider piecewise-constant interpolation. For

piecewise-constant interpolation, ¢5:;'"l is given by (2.34). Substitution of (2.34) into
(2.108) yields

. 1 . m
e = —fil “fEXL+(—1)"%"—'y}"x)+ﬁf(#xry,-"i+(—1)’*A¥—)

x;].x
. ] N n
+ af (x4 (-1 8Eym +(—1)1xég-).
(2.109)
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Figure 2.5: Convergence of the sparse-grid representation error to the analytical result
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Figure 2.6: Convergence of the semi-sparse-grid representation error to the analytical result
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Figure 2.7: Convergence of the power series for the sparse-grid representation error
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Figure 2.8: Convergence of the power series for the semi-sparse-grid representation error
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Figure 2.9: Sparse and semi-sparse representation errors (numerical), the conventional rep-
resentation error is neglected
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Figure 2.10: Conventional, sparse and semi-sparse representation errors (numerical), sparse
and semi-sparse errors include the conventional representation error
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2.5.1 The [%, %, 0] piecewise-constant scheme.

Fora = B =1,7 = —1, the local error el™ takes the form
1 m
1 1, 1 1 i Ax 1 1 i Ay
e, = —fils + 5f (xix F{-1F Tl.‘/ﬁ) +5f (xixryj"i +(=1)x—— .

(2.110)
This expression is only non-zero for a limited number of points, determined by the
line (14 A)x + (1 — A)y = 1. In Figure 2.11, black triangles have been drawn that
correspond to equation (2.110). Triangles that are intersected by the line (1 4+ A)x +

Q23

- |~ (5

> pupn <> nyre <

~

= = K s

¥

<> <

| | | |

I )l |

Figure 2.11: Counting errors, %, % combination

(1 - A)y = 1 correspond to points for which €' is of order 1 (proportional to the
step). The number of triangles that are intersected is assumed to be proportional

tomax (2!, 342") if A > 0and A # 1, and to max (1£42/,2") if A <0and A #
—1. Thus, for A > 0and A # 1, thereis a ¥ € R such that foralll > 0andm > 0

He""’H < 27 1"Mg max (2’ 1—_—)‘2'") : 2.111)

1 147
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For the [1, 1, 0] scheme, the representation error ENN is given by (2.6), which we
use to obtain the following expression for ||[EN-N ||,

2 nz ( 711 ) PN.NN—i,N—n+i
E;V;gl 27"y,

n
1
):N 19-n n_o '11 ”eN—i,N—n+i”1_

IE%N]],

1
”PN,NEN—i,N—nH”l (2.112)

IA

Substitution of (2.111) into (2.112) gives

”EN,N“l < KE,I:,-_—-()I 2-nyn T: on—=2N oy (%ZN—:'IZN—"H)

< N 12 nyn :’ on—2N poos (2N—i,2N—n+i)

= xINZ2 ko )2 N max (2n7,2) (2.113)
1-N, vN-1y=n n —i

< 2 KEn:OZizo( i )2 '

N N
= =((0)"-()"):
Thus,

”EN,NHI —0 ((%)N) . (2.114)

Rewriting the last equation in terms of the mesh width yields
N,N|| _ 2-log, 3
”E ”1 -0 (h 2 ) (2.115)

Note that we have taken A > 0, A # 1. It is obvious that A < 0, A # —1 gives the
same result. Thus, for a step function described by (2.107), the (3, 1, 0] piecewise-
constant scheme has a representation error of order 2 — log, 3 ~ 0.42.

2.5.2 The[1,1, —1] piecewise-constant scheme.

Fora = B =1,7 = —1, the local error ¢/™ takes the form

el = Al 4 (DR ) +f (4, el 1) 4"
SIPACIRACVEE F RN CE e =
(2.116)
This expression is also only non-zero for a limited number of points, determined
by the line (1 + A)x + (1 — A)y = 1. In Figure 2.12, rectangles have been drawn
that correspond to equation (2.110). Squares that are cut, through a horizontal
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023
] L[ 1 [ ]

1-A ,m
1+A .

N N N N N I O

9!

Figure 2.12: Counting errors, 1,1, —1 combination

and a vertical side, by the line (1 + A)x + (1 —A)y = 1 correspond to points for
which ¢/ is of order 1 (proportional to the step). The number of rectangles that
are cut, through a horizontal and a vertical side, is assumed to be proportional to

min (2/,1242") ifA > 0and A # 1, and to min (}:42',2") ifA < 0and A #
—1. Thus, for A > 0and A # 1, thereisax € Rsuch thatforalll > 0andm >0

-]

1+A

X 271"k min (2’, 1_—)\2'"> i (2.117)

For the [1,1, —1] scheme, the representation error ENN jg given by (2.16), from
which we obtain the following relation for [|[ENV ||,

N-1 n
[= < E X
1 s=0i=0
Substitution of (2.117) into (2.118) gives

IENM],

(2.118)

’eN—l,N—n+1

"

p 2’11\1:—01 n on=2N i ( %l—ﬁ ON—i oN-n+i

K Zrl:fz—ol 1(120 2n—2N min (211\1—-1:, 2N—n+i)

27Nk Tl g min (277, 2) (2.119)
21-N, ZnN:——OI Elrfz/g oi

() -()) 2@~

A IA

Rewriting in terms of the mesh width yields

“EN'N H1 =& (hl/z) : (2.120)
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Thus, for a step function described by (2.107), the [1,1, —1] piecewise-constant
scheme has a representation error of order %

2.5.3 The [0,0, 1] piecewise-constant scheme

Fora = B =0, = 1, the local error el takes the form

. 1 . m
e = _flm oy f (x’. +(—1)’x§x— yr +(—1)JXAL). (2.121)

ix/jx - ix;]x Ix 2 g jx 2

This expression is again only non-zero for a limited number of points, deter-
mined by the line (1 +A)x + (1 —A)y = 1. In Figure 2.13, diagonal lines have
been drawn that correspond to equation (2.121). Diagonal lines that are cut by

Q2’3

9!

Figure 2.13: Counting errors, v = 1 combination

(1+A)x+ (1 —A)y = 1 correspond to points for which " is of order 1 (pro-
portional to the step). The number of diagonal lines that are cut is assumed to
be proportional to max (2’, };—QZ"’) if A > 0and A # 1, and to max (%21,2”‘)
if A <0and A # —1. Thus, for A > 0and A # 1, there is a k¥ € R such that for all
I>0andm >0

He"mul < 27-1Mx max (2’, 1—32'") . 2.122)
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For the ¢ = 1 scheme, the representation error EN N is given by (2.26), from which
we obtain the following relation for |[ENV||,

N-1
o< 8
Substitution of (2.122) into (2.123) gives

IENNY, < xEiyp2T

«(@r-an). e

Rewriting in terms of the mesh width yields

e Hl : 2.123)

HEN'N ”1 —0 (hl/z) . (2.125)

Thus, for a step function described by (2.107), the {0,0, 1] piecewise-constant
scheme has a representation error of order 3.

2.5.4 A numerical test

To test the validity of the conclusion that the [1, 1, —1] scheme has a representation
error of order O (hl/ Z) for the representation of a discontinuous function of the
type (2.107), we now represent (2.107), with the [1, 1, —1] combination scheme, for
A = 0 (adiagonal line through the domain). In Table 2.3, the representation error in
the L;-norm is listed for N = 2,3, ...,12, together with convergence ratios. Table
2.3 shows that the L1-norm of the representation error on sparse grids with N even
is twice as small as on N — 1, while going from even N to (odd) N + 1 actually leads
to a small rise in error. The explanation that the diagonal step function is better
represented for N even than for N odd is that for N even there is a grid QN 2N/2
within the set of coarse grids {Q¥™,] + m = N — 1, N} on which the diagonal step
function can be reasonably described. A more important observation is that the
average convergence ratio (rightmost column) seems to tend to V2, as it should
according to (2.120).

2.5.5 Discussion

In the current section, it was shown that the combination technique has a represen-
tation error of order O (hl/ 2) when a step function is represented. This accuracy

can also be obtained by interpolating solely from the grid QN/?N/2, e g, by con-
ventional representation on the grid (O¥/2N/2 which contains less degrees of free-
dom than the set of coarse grids {(}'™,1 + m = N — 1, N} comprising the sparse
grid. For the representation of genuinely discontinuous functions, the combination
technique is not superior to conventional representation.
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1

oy | v | eesee N3
N IESN | e (ns~-~n1 )
2 | 0.125000
3 | 0.187500 0.666667
4 | 0.093750 2.000000 1.154701
5 | 0.109375 0.857143 1.309307
6 | 0.054688 2.000000 1.309307
7 | 0.058594 0.933333 1.366260
8 | 0.029297 2.000000 1.366260
9 | 0.030273 0.967742 1.391217
10 | 0.015137 2.000000 1.391217
11 | 0.015381 0.984127 1.402945
12 | 0.007690 2.000000 1.402945

Table 2.3: Orders of convergence

2.6 Conclusions

The sparse-grid combination technique is an attractive alternative to the conven-
tional representation of a function on a full grid. The reason for this is that, for the
same number of degrees of freedom, the sparse-grid combination technique yields
a significantly smaller representation error than conventional representation; see
for instance Figure 2.10.

By analyzing the steps that make up the combination technique, explicit expres-
sions for the representation error were obtained. The leading-order error terms
contain cross derivatives of the function to be represented, instead of single-
variable derivatives like the conventional representation error. The deficiency of
the combination technique is that it will be less effective for functions that have
large cross derivatives. This problem may be alleviated by adapting the grids to
the geometry of the problem at hand.

For comparison, an alternative to the combination technique introduced in [1] was
considered. This alternative technique, the {1, 1, 0] technique, appeared to perform
less well than the technique in [1], the [1, 1, —1] technique. In fact, the alternative
technique even appeared to be inferior to conventional representation, such as the
[0,0,1] technique.

It was shown that for a step-function, which is not aligned with the grid, the com-
bination technique performs less well than the standard representation. For such
a non-aligned step-function, the order of the representation error was found to be

o (hl/ 2). (The explicit error expression derived may be useful for a combination
technique that relies on grid refinement.)

The representation for the 3D semi-sparse combination technique, as proposed in
[3], was analyzed. The representation error was found to be O (h*(logh~1)2). At
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first sight, this result implies that the 3D semi-sparse combination technique is to
be preferred above the 3D truly-sparse combination technique. However, due to
additional representation errors or discretization errors of O (hz), the 3D semi-
sparse representation error reduces to O (h?), which makes it less attractive than
the 3D truly-sparse combination technique.
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THE SPARSE-GRID
COMBINATION TECHNIQUE
APPLIED TO TIME-DEPENDENT
ADVECTION PROBLEMS

Abstract. In the numerical technique considered in this paper, time-stepping is
performed on a set of semi-coarsened space grids. At given time levels the so-
lutions on the different space grids are combined to obtain the asymptotic con-
vergence of a single, fine uniform grid. We present error estimates for the two-
dimensional spatially constant-coefficient model problem and discuss numerical
examples. A spatially variable-coefficient problem (Molenkamp-Crowley test) is
used to assess the practical merits of the technique. The combination technique is
shown to be more efficient than the single-grid approach, yet for the Molenkamp-
Crowley test, standard Richardson extrapolation is still more efficient than the
combination technique. However, parallelization is expected to significantly im-
prove the combination technique’s performance.
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3.1 Introduction

The long-term aim of the present work is to make significant progress in the nu-
merical solution of large-scale transport problems: systems of partial differential
equations of the advection-diffusion-reaction type, used in the modeling of pollu-
tion of the atmosphere, surface water and ground water. The three-dimensional
nature of these models and the necessity of modeling transport and chemical ex-
change between different components over long time spans, requires very efficient
algorithms. For advanced three-dimensional modeling, computer capacity (com-
puting time and memory) still is a severe limiting factor (e.g., see [8]). This lim-
itation is felt in particular in the area of global air pollution modeling where the
three-dimensional nature leads to huge numbers of grid points in each of which
many calculations must be carried out. The application of sparse-grid techniques
might offer a promising way-out.

Sparse-grid techniques were introduced by Zenger [10] in 1990 to reduce the num-
ber of degrees of freedom in finite-element calculations. The combination tech-
nique, as introduced in 1992 by Griebel, Schneider and Zenger [4], can be seen as
a practical implementation of the sparse-grid technique. In the combination tech-
nique, the final solution is a linear combination of solutions on semi-coarsened
grids, where the coefficients of the combination are chosen such that there is a can-
celing in leading-order error terms. As shown by Riide in 1993 [7], the combina-
tion technique can be placed in a broader framework of multivariate extrapolation
techniques.

We show that for our two-dimensional hyperbolic problems the combination tech-
nique requires ~ h~2 operations to reach an accuracy of O(h? logh~!) while the
single grid requires ~ /™2 operations to solve up to an accuracy of O(h?). Thus the
combination technique is, asymptotically, more efficient than a single-grid solver.
Another appealing property of the combination technique is that it is inherently
parallel, i.e., it constructs the final solution from ~ (logh~!)4~! independent so-
lutions (d is the dimension of the problem) which can be computed in parallel.
Parallel implementations of the combination technique were shown to be effective
in [3] and [2].

Although we are ultimately interested in advection-diffusion-reaction equations,
in the current work we restrict the attention to pure advection and leave the difus-
sion and reaction processes to future research. In a number of articles the combi-
nation technique has already been analyzed both analytically and numerically, see
for instance [1, 3, 4, 7]. However, in these references elliptic differential equations
are considered, not hyperbolic equations like the time-dependent advection equa-
tion we are considering. In [5] the combination technique is shown to be promising
for a constant coefficient advection equation. The current paper differs from [5] in
that it focuses on error analysis while [5] focuses on numerical results. Further-
more, in [5] only constant coefficients are considered. Although we do not present
error analysis for spatially variable coefficients, we do analyze this case numeri-
cally with the Molenkamp-Crowley test. The time-dependent coefficient case we
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analyze both numerically and analytically. When the combination technique is
used to solve a differential equation, then a representation error and a combined
discretization error are introduced. In [6] a detailed analysis is given of the rep-
resentation error. In the current paper we focus on the combined discretization
error.

The organization of the current paper is as follows. In Sections 3.2, 3.3 and 3.4
we derive leading order error expressions for the error that is introduced when
we solve an advection equation, with spatially independent coefficients, with the
combination technique. In the derivations we account for time-dependent coeffi-
cients and for intermediate combinations. In Section 3.5 we give some estimates for
the asymptotic efficiency of the combination technique relative to the single-grid
approach. In Section 3.6 four numerical test cases are analyzed, one of these is the
Molenkamp-Crowley problem. The error estimates made in the earlier sections are
verified and the combination technique is compared with the single-grid technique
in terms of efficiency. The conclusions are summarized in Section 3.7. The main
conclusion is that without parallelization - although marginally - the combination
technique is already more efficient than the single-grid approach for a generic ad-
vection problem, such as the Molenkamp-Crowley test. Without parallelization,
the combination technique still falls behind standard Richardson extrapolation,
something which has also been concluded by Riide [7] for elliptic problems.

3.2 Discretization error

In order to understand the combined discretization error we must first have a
clear understanding of the discretization error itself. This section is devoted to
the analysis of the error in the numerical solution that is due to spatial discretiza-
tion. The temporal discretization errors are neglected. In the notation of functions
only the relevant variables are printed, e.g., the function f(x,y,t) can be referred
toas f(x,y,t), f(t), f(x,y) or simply as f, depending on context. The focus lies on
the pure initial value problem for the spatially-constant coefficient, 2D advection
equation

¢t + adxc + bayc = 0. 3.1

Equation (3.1) is integrated in time from ¢ = 0 up to ¢ = 1 with finite differences on
the spatial domain [—1, 1] x [—1, 1]. We denote the discretization of the advection
operator 29y + bdy by aDy + bDy. The corresponding spatially discretized equa-
tion reads

%w +aDzw + bDyw = 0. (32)

Here w = w(t) denotes a continuous time grid function defined on a certain space
grid. We define the (global) discretization error d(t) according to

d(t) = w(t) —cp(t), (3.3)
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where ¢, (t) denotes the restriction of ¢(t) to the space grid. We introduce the trun-
cation error operator E according to

d

E=aDy+bDy + — i (34)
The discretization error d can be seen to satisfy
d
d_td + Ecy, +aDyd + bDyd = 0,
with general solution
t / ’ ’ t NA
d(t) = e~ Jo (@ IDe+0()D,)at g0y 4 (e— foEat _ 1) cu(t). (3.5)
When 4 and b are independent of time then (3.5) reduces to
d(t) = e(3D=+Dy) g0y 4 (e-”5 - I) cu(t),
which we expand as
— (—tE tE i
i)=Y ~——~ (EE) - ) ~(ad+by) 3(0) 4 2 ) cn(t). (3.6)

i=0 1

3.2.1 Structure of the discretization error

In general, when the initial profile is error free a dimensionally split discretization
of order p gives rise to a discretization error given by

_ f;lt_: f; (eabal + /3,-bh;a;“)) e(b), 3.7)
i= =p

where the constants «; and f; are the error constants in the truncation error. Equa-
tion (3.7) can be rewritten in the generic form

d(t) = (h' Ai(t) +HBy(t) ) + 2 }: Mk At 3.8)

j=pk=p

Tl'[\’]3

showing that the discretization error consists of terms proportional to k4, AR
iy +1 +1 p+1, p+l
and i}, K*!, ... and hihy, Wi HY, HERy™, WETRGT,
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3.2.2 Third-order upwind discretization

To introduce spatial discretizations we make use of the shift operators

Suf(uy) = flcthuy) = 1 P00 fcy),

(h yay)

Snf(xy) = fxy+hy)= E f(xy),

i=0

where we have supposed f to be a C* function. We focus on the third-order up-
wind biased scheme which is given by

1 _ 1,1
Dy = 1 R " Dy= y
Son. —Sp, +3+15_ y 16, —Sp +4+35_
— 8% 23 g <0, S8y 2T p <.
Y

This yields the discretization error

&, ¢ —2)i —3(=1) -1 [ait! i
= £ 1 (£ gy (Gt pad”) ) o e

provided d(0) = 0. Neglecting O(h}) and O(h;) but including O(h3h3) for later
reference, equation (3.9) leads to the following leadmg order expression

¢
d(t) = — 15 (lal 304 + 1| h;a4) c(t) + | ab| K3H30394c(t) + O(h3) + O(hy).
(3.10)
This leading-order result makes sense only when ¢, 4, b and the derivatives of c(t)

are moderate.

144

3.23 Time-dependent coefficients

To handle time-dependent coefficients we expand (3.5) as

d(t) = E (_fo_ﬂt'_ﬂ ~ Jy (a(#)3:+0()3y)a¥ 30y 4 i M c(t).

=0 i=1

For d(0)

= 0, the time-dependent equivalent to (3.10) then reads
d(t) = 1 (Jsla(t)a B304 + 5 1b(e)|d¥ 333 ) c(t)

oz (Jo la()a) (3 1b(e")|dt') B3H30804c(t) + O(HS) + O(H).
(3.11)
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level = 0 1 2 " N=3 Notation Description

QNN finest grid of mesh width & =27 H

ohm semi-coarsened grid, of mesh widths

<1 y
hx=2"H and hy=2" H
u continuous, exact solution
I, .
R*™  restriction operator that maps onto Q™
pN. N prolongation operator that maps onto oMV N
Im

uhm semi-discrete approximate solution on Q

Figure 3.1: Grid of grids.

3.3 Combination technique

The two-dimensional combination technique is based on a grid of grids as shown
in Figure 3.1. Grids within the grid of grids are denoted by Q" where upper
indices label the level of refinement relative to the root grid Q0. The mesh widths
in x-and y-direction of Q'™ are hy = 27'H and hy = 27™H, where H is the mesh
width of the uniform root grid Q%°. We denote the mesh width of the finest grid
QNN by h. Note that hy and hy are dependent on the position (I, m) in the grid of
grids while # is not.

In the time-dependent combination technique a given initial profile c(x,y,0) is
restricted, by injection, onto the grids QN0, QN-11 ... Q0N and onto QN-19,
QN-21 ... OON-1 gee Figure 3.1. The resulting coarse representations are then
all evolved in time (exact time integration is assumed in the current paper). Then,
at a chosen point in time, the coarse approximations are prolongated with g-th or-
der interpolation onto the finest grid QN'N, where they are combined according to
(4.3) to obtain a more accurate solution. The notation is summarized in Figure 3.1.

Considering the exact solution ¢, the combination technique, as introduced in [4],
constructs a grid function VN on the finest grid QNN in the following manner,
NN — y pNNRLm, _ y pN.NRLm
I+m=N I4+m=N-1

The corresponding so-called representation error rN-N is
PN =N _ pNN, (3.12)

Likewise, considering the semi-discrete solutions w!™ the combination technique
constructs an approximate solution @™ on the finest grid QNN from the coarse-
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grid approximate solutions according to

NN = Yy PpNNylm_  y~  pNNglm, (3.13)
I4+m=N I4+m=N-1

Let d'™ denote the discretization error on grid ('™, i.e.,

dlm = hm — Rime (3.14)

The total error eN-N = GNN — RNN¢ present in @MV is written as

NN _ NN | NN

aN,N oN-N — NN

where the combined discretization error is given by

avN =y pNNglm_ Y pNNglm, (3.15)
I+m=N I+m=N-1

In [6] a detailed analysis is given of the representation error rNN_ In the current
paper we focus on the combined discretization error dNVN,

3.4 Combined discretization error

3.4.1 Effect of the combination technique on a single error term

Inspection of (3.7) shows that the discretization error d"™ can be expanded as

o0 o0 L
dmy =Y Y K H,R™, i(t)e(x, 1), (3.16)
i=0j=0
where the powers of t and the spatial differential operators are hidden in 6; ;(¢),
equation (3.16) allows us to concentrate on powers of h, and hy. Since by = 2-'H
and hy = 27™H we can rewrite (3.16) as

dlm( Z E H* el (3.17)
i=0j=0
where o
el (1) = 271 ImRI™6; (He(x, . t). (3.18)

Insertion of (3.17) into the expression for the combined discretization error (4.5)
yields

&NIN — EHI'+]"€“,N’,N,
i,j
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where

— NNlm NNIm
= ) PYNe7 Z P
I+m=N I+m=

We now focus on the contribution that a single error term ef ;. makes to the com-

bined discretization error, i.e., we analyze ?I‘; N_ The error terms el "

i
gated onto the finest grid QNN with interpolation of order g, yielding interpolation

errors {VN and grid functions &N that are free of interpolation errors, i.e.,
ij gI’l ij l'p

are prolon-

NN 1, N,N N,N
PRled =8 +5i

For &V ey N this leads to the splitting

=N,N _ ZN,N , #N,N
G =& &y

Error without interpolation effects.

According to (3.18) we have
NN _ o—il-jmpN,N
$i7 ij =2 R™NG; ;
hence
g"z',N — ( E _ E ) Z_il_ijN'Nei,jcr
I+m=N Il4+m=N-1
which is equivalent to

gxw _ gzﬁ o 27 iH=IN=T) ):11161 2—1’1—]‘(1\1—1—!)) RN,Ngi,i,C

27N 427N [1- 2] EN? 21(/'-")) RNNg, ic. (3-19)
For i = j this yields
SN = (27N + 27N [1- 2] N) RNNg, ¢, (3.20)
while fori # j
NN _ 1 —iN (nitj _ i —iN (5] _ oit] N,N
3y (21_-57 27N (27 - 2) 427N (2 - 249)] ) RNNge.  321)
Equations (3.20) and (3.21) lead to the following order estimates
O (27N) if i=0,j#0.
- O (27iN) if j=0,i#0.
N,N _ ’
Sij =91 o(N2-N) if i=j#0. 3.22)

0] (2-mi“(iri)N) if i#,i#0,j#0.
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Additional error due to interpolation.

In leading order the interpolation error is given by
SN = (A3l + Amh33]) SN, \
or equivalently,

SN = HIRNN (2—(4“')’—1""/\,32 +2-@ 3,501 6, e,

where the A; and A, are coefficients dependent on I and m respectively and on the
choice of interpolation. For the combined interpolation error ff‘;” we have

Zz.,N — HqRN,N( E _ Z )2—(q+i)l—ij!azei’jC
I+m=N I+m=N-1

+HIRNN ( Y - X )2-<q+f)m—f’/\ma§e,-,-c.
l+m=N l+m=N-1

For the first term,

( - ) 2- ("“)"i’"A,B‘ZGi,jc,
I+m=N I4+m=N-1

we obtain
) N-1 . L
(2—(q+t)N AN+ Y (2—(q+r)1—1(N—1) - 2—(q+!)1—1(N—1—1)) ,\,) oo, ic
1=0
which, in absolute value, is bounded from above by

N-1
1A ] max (2—(q+i)N + E (2—(q+i)1—j(N—l) _2—(q+i)l—j(N—1—I))) 319,-,-6 )
1=0

Likewise, the second term,

( - ) 2-(+m=il) 526, ic,
I+m=N I+m=N-1

is in absolute value bounded from above by

|/\|max

. N-1 N N
(2-(4+})N + E (2—(4+I)m—!(N—"I) _ 2-(q+i)m—1(N—1—M))) a;i'gl.’jc

m=0
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Together these bounds lead to the following order estimates, in the same way as
the estimates in the previous section were obtained

O (H9279N) if i=0orj=0.
NN O (HIN27/N) if g+i=j.
$ii =\ O(HIN2-N)  if g+j=i. (323)
O (H92-minGIN) if 0 £ j#£q+iand 0#i#g+].

3.4.2 Leading-order results

By combining the order estimates for a single error term (3.22) and equations (3.20)
and (3.21) with the structure of a dimensionally split discretization error (3.8), we
see that in the discretization error the following terms are of particular interest

d = t(apahfdlt + B brbAl

(3.24)
+£2,BpabhHL e+ 0 () + 0 (W)

We have omitted the upper indices N, N. Equation (3.24) leads to the following
leading-order expression for the combined discretization error

d = t(apah?dL* + B bHPAL* ")

+ PapPpabHPhP(1+ (1 - 27) log, H)3L '3 Ve + 0 (W1 10g, 1)

(3.25)
More specifically, for the third-order upwind scheme,

E——E(|a|a4+|b] e+ —
12 x

31301 _ 494 4
144 |ab|Hh (1 -7log,)d;9 c-l-O(h logzh

(3.26)

3.4.3 Mapping of error terms

We illustrate the effect of a single term of the discretization error on the error that
is observed on the finest grid after applying the combination technique. We view
the combination technique as a mapping that maps terms from the discretization
error onto a leading-order error term on the finest grid. We assume that the order
of the prolongation g is greater than the order of the discretization p. The order
estimate (3.22) shows that, for i # j, i # 0, j # 0, we have a mapping according to
Table 3.1. While the discretization error’s leading-order terms, proportional to %
and h{,’ yield error terms of O (hP), the cross-derivative term proportional to h? hP

surpasses these and yields the new formal leading-order error term proporhonal
toh?logh~!.
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Table 3.1: Mapping of error terms from the semi-coarsened grids to the finest grid.

[ Error term on {Q0"™} | Effect on QNV |

hi or by O
K H, O (HminGif))
[z O(Wlogh™ 1)

3.4.4 Additional error due to interpolation

From the order estimates (3.23) we find that:
e if g # p then the contribution of the interpolation error is
O (HPh%), (3.27)

e if g = p then the contribution of the interpolation error is

o (H”h” log %) : (3.28)

According to (3.27) the interpolation leaves the leading-order result (3.25) unaf-
fected, provided the order of interpolation g is greater than the order of discretiza-
tion p. When q = p, according to (3.28), the effect of the interpolation is of the same
order as the second term in the leading-order result (3.25). For g < p the interpola-
tion error is in fact larger than the leading-order result (3.25) itself. Thus choosing
g < p is not sensible since it leads to an order reduction in the error. Choosing
q = p is acceptable when the parameters of the combination technique are such
that the second term in (3.25) is dominated by the first term. When this is not the
case, q must be chosen larger than p.

3.4.5 Intermediate combinations

When the combination technique is used in conjunction with a time-stepping tech-
nique, like we do, then we can choose to make intermediate combinations. At an
intermediate combination the solutions on the semi-coarsened grids are combined
onto the finest grid and then the fine-grid function is projected back onto the semi-
coarsened grids. We will now analyze the influence of intermediate combinations
on the error, specifically we consider M — 1 intermediate combinations made at

times &, &, , SME{M For a single semi-coarsened grid Q'™ onto which an in-

termediate solution was restricted at It?I' we have, according to (3.6),
2t

E)i Rl'mC(M).

2t °°(—’E)j1t t °°(—"‘
Lme<ty _ M (adc+b3y) gIm NN~ M
d (M) ]go——-—]' eM vJR'"™d (M)+,§;' i

(3.29)
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Due to the leading order result (3.25) we have
— L (ade+bd,) plmsNN, by p+1 p+1\ plm 2t
¢~ 1 (@dx b3y ) L g (30 = ai(epah?E™ + BybhPaf R Me(T2)
£ PyP P H
+ WapﬁpabH W (1+ (1-2P)log, 7)
pH1ap+lplm . 2F 1 1
oy 9, R "'c(ﬁ)-i- o (hp+ logzi .

Here we have used e‘ﬁ("a“"bay)c(]{z) = c(ﬁ). In the first summation in (3.29),
terms with j > 0 will only contribute in higher order because E is a power expan-
sion in mesh widths h, and h,. Hence we can neglect the j > 0 terms in (3.29) for a
leading-order result, yielding
dm(B) = b(apahPdL + B brPAl T RImC(2L)
+ sy BpabHPHP (14 (1 — 29) log, H)al 3P+ RImc(2 )
- _t E i
+ Lida (_zM!_)RI'mC(TZth)

+0 (W 1ogy 1) + O (W -+ + o) (W +1710g, 1))
(3.30)
The above expression immediately leads to the leading-order result for the com-
bined discretization error dN-N (IZVtI) taking into account an intermediate combi-

nation at 4;. The first two terms and the O (hf"“‘1 log, ;1_1) term carry over into

dNN( 2) without alterations since we neglect representation errors. The summa-
tion yields the two terms in (3.25) as was argued in Sections 3.4.1 and 3.4.2. The last
O-term translates according to the rules stated in Section 3.4.1. Thus, (3.30) yields

the following for the combined discretization error dN¥-N (ﬁ) taking into account
an intermediate combination at y:

ANN(E) = 2 [f(apahPal™ + g bRraf RN NC(3)
+ Ly upBpabHPhP (1 + (1 — 27) log, H)al 1l I RN.N (2
+0 (h"*110g, })
+0 (W + 12 + 17 log, }) (W +HPlogy }) ).

By induction this leads to the following result for the combined discretization error
at ¢, taking into account intermediate combinations at 4, %, - - -, @%m,

dNN(8) = t(apahPdl ™ + B bhPA) RN N (1)
+31t2apBpabHPRP (1 + (1 — 27) log, H)al 1ol ' RNN(1)  (3.31)
+0 (h”Jrl log, ,1;) ,
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i.e., the term proportional to h” logh~! is attenuated by a factor 4. For the third-
order upwind discretization equation (3.31) yields

T = —2(la|9%+ (b 38)c + phagr labl HOH(1 - 7log, H)atate

+0 (Htlog, }) - (832

3.4.6 Qualitative behavior of the error

Provided the effects of interpolation can be neglected the error in the combined
solution is given by (3.31). The competition between the two terms in (3.31) is
determined by the time up to which we integrate, the number of combinations
M, the coefficients a and b, the root mesh width H, the number of grids (through
log, -}h—’ ), the order of discretization p (through &, 8, and 27) and by the derivatives
of the exact solution. Given this multitude of dependencies it seems likely that in
general both terms can be important in describing the error.

When a ~ b (i.e. advection diagonal to the grid) or when the exact solution has

a large cross derivative 8£+la§+lc compared to the derivatives 3%*c and Byp+1c,
then the second term in (3.31) gains importance. Since this term represents the
additional error due to using the combination technique, rather than a single grid,
we see that the combination technique is less well suited to problems with a ~ b or
with large cross derivatives. Both are features of a problem that is not grid-aligned,
i.e., the combination technique works better for grid-aligned problems.

We mention two mechanisms that will attenuate the second term in (3.31). First,
the semi-coarsened grids used in the combination technique need to be sufficiently
fine to describe the solution. This requires H to be small and thus attenuates the
second term in (3.31), which has H? as a prefactor . Second, it is a practical observa-
tion that a number of intermediate combinations (M — 1) is needed to successfully
apply the combination technique, causing a further reduction of the second term
by a factor 1/M.

3.4.7 Time-dependent coefficients

Up to now the results in the current section are valid for coefficients that are inde-
pendent of time. We now state the leading-order results for time-dependent coef-
ficients. The statements about the interpolation error still hold. The leading-order
expression for the combined discretization error becomes

d = ( JE ap(t’)a(t’)dt’) Wl 4+ ( s ﬁ,,(t’)b(t’)dt') Wl e
+ ( It tx,,(t’)a(t’)dt’) ( I ﬁp(t’)b(t’)dt’) HPhP(1+ (1 — 27)log, )

&M+ 0 (WHllog, 1)
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For third-order upwind discretization this yields
d = 5 (fola)1arat+ [y bl dr at) c
I (1 + (127 logy 5 (fy la(e)l a) (fi 1b() | at') 38d%c  (3.33)
+0 (h4 log, %) .

When M — 1 intermediate combinations are made the combined discretization er-
ror is given by

d = (fot lxp(t’)a(t’)dt’) nral e + ( N ﬁ,,(t’)b(t’)dt’) Wl
M-1 %lt ! ! d 7 ﬂﬁlf 7 b /] d 7
+ (ZM (S ap(radr ) (£ Bp(e)b(t)at
HPRP(1+ (1 - 27) log, $)3* 3] " + O ("+1 log, }).

For third-order upwind discretization this yields

d =— 5 (fsla)arat+fy |b(t')|dt'a;) ¢
+H (1 4 (1-27)log, H) pM I (f;irlﬂa(t’)ldf’) 330

n lt
( fﬁf{ lb(t)] dt’) 3%l +0 (hf’“ log, ;1;) .

3.5 Asymptotic efficiency

When making efficiency comparisons the number of cell updates C is used as a
measure of required computational work. On a single grid this is simply defined
as the product of the number of cells and the number of time steps required. Within
the combination technique it is the sum of products of cells and time steps required
on all grids within the grid of grids.

The cost estimates presented in this section are based on At = 0.1 min(h, hy), as
are the numerical results in Section 3.6. Note that the time steps on the different
grids within the combination technique are not equal, i.e., larger steps are taken
on coarser grids. We identify a combination technique with a root mesh width
H =2-27Lr, where L is the root level, and a finest mesh width h = 2-2-Lrk—N,
where N is the sparseness level. The number of grids within a combination tech-
nique is given by 2N + 1 = 2log, (H/h) + 1.
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3.5.1 Computational work

For a single grid with h = 2 - 2~ the number of cell updates required is given by

C=5- 23L,
For the combination technique the number of cell updates is given by

c { 5.23Lr 25 .22N _4. 23N/2) , for N even.
T 5.2 (5.22¥ — 4. 26N+D/2) | for N odd.
For fixed Lg the combination technique has asymptotic complexity
Cer ~ 22N ~ 172 (3.35)
while the single grid has asymptotic complexity
C1~2%b ~ 173, (3.36)

3.5.2 Efficiency comparison

For fixed Lg the combination technique has, according to (3.25), the following
asymptotic error
d ~ WP log,(h™!) ~27PNN

while a single grid of mesh width h = 2 - 2L has the following asymptotic error
d~hP ~27PL

If we require a single grid to yield the same error as the combination technique for
agiven N, i.e., we put
N2-PN L p-rL
then we obtain
L=N- o8N

According to (3.36) this yields, for the complexity of the single grid,
1\ _ 1\ 3P
Cp~ 2%V (N) ~ he} (logz(hc%)) ’

while according to (3.35) , the complexity of the combination technique is given by

2N -2
Cer ~ 2" ~het

showing that, asymptotically, the combination technique reduces the three-
dimensional single-grid complexity to a two-dimensional complexity, while ob-
taining the same level of accuracy.
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3.6 Numerical results

3.6.1 Numerical setup

All the numerical results presented in this paper were obtained with fourth-order
explicit Runge-Kutta time integration with time step At = 0.1 min(h,, hy) which
satisfies the CFL condition for all considered test cases. Furthermore, the time-
discretization error is always negligible compared to the spatial discretization er-
ror. For spatial discretization we have used third-order upwind discretization as
described in Section 3.2.2, the prolongations are done with fourth-order interpola-
tion. All analytical error predictions for the combination technique refer solely to
the combined discretization error. The interpolation and representation errors due
to the combination technique are neglected.

3.6.2 Test cases

We consider the following four test cases :
1. Horizontal advection, characterized bya=1/2,b=0.
2. Diagonal advection witha = b = 1/2.

3. Time-dependent advection with

(0,2), 0 <t< 1/4.
(2,0), 1/4 <t< 1/2.
(0,-2), 1/2 <t< 3/4
(-2,0), 3/4 <t< 1.

(a,b) =

4. The Molenkamp-Crowley test case with a = 27y, b = —27x.

Test cases 1-3 have as initial profile

C(x, v, O) — 0.014((x+0.25)2+(y+0.25)2) , (3.37)
which is depicted in Figure 3.2(a), while test case 4 has as initial profile

c(x,y,0) = 0.014((x+057+y%) (3.38)

which is depicted in Figure 3.2(d). All test cases are integrated up to t = 1and have
-1 < x,y < 1. In[9] solutions for the Molenkamp-Crowley test case obtained with
various numerical methods are presented, given the initial condition (3.38).

Besides initial profiles, Figure 3.2 displays a number of typical error profiles ob-
served in the numerical solutions of the test cases. The single-grid technique’s (SG)
results in Figure 3.2 were obtained on a 513 x 513 grid corresponding to L = 9 and
the combination technique (CT) used a grid of 9 grids givenby L, = 5and N = 4,
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i.e, the combination technique also produced its solutions on a 513 x 513 grid. The
results for the combination technique with intermediate combinations (ICT) were
obtained by making 8 combinations.

Figure 3.3 illustrates the performance of the single-grid and the combination tech-
nique on the test cases. The number of cell updates is plotted along the horizontal
axis, which is a direct measure of the required CPU time, see Section 3.5.1. Any ad-
ditional CPU time required to make the 7 intermediate combinations to obtain the
ICT results was neglected, which is fully justified for the limited number of com-
binations considered here. The error is shown in the Lo, norm, the results for the
L1 norm are similar. In obtaining Figure 3.3 the combination technique had L, = 5
fixed and N = 2, 3, 4, 5. The single-grid results were obtained using L = 7,8,9.

In Figure 3.4 the effect of the number of combinations is shown on the Lo error due
to a combination technique characterized by L, = 5 and N = 4. In Figure 3.4 only
test cases 2,3 and 4 are considered because for test case 1 the error is independent
of the number of combinations.

Except for numerically observed results Figures 3.3 and 3.4 also contain analytical
predictions. For test cases 1 and 2 these were obtained from (3.10) for the single
grid, from (3.26) for the combination technique and from (3.32) for the combina-
tion technique with intermediate combinations. For test case 3 the error predic-
tions were obtained from (3.11) for the single grid, from (3.33) for the combination
technique and from (3.34) for the combination technique with intermediate com-
binations. Note that test case 4 is not time-dependent but spatially dependent.
The error predictions that we have derived are not valid for spatially dependent
coefficients.

3.6.3 Results

Horizontal test case.

We do not show any error profiles for the horizontal test case. For this test case the
single-grid error and the errors due to the combination technique with and with-
out intermediate combinations are all practically equal and are almost perfectly
described by the analytical prediction (3.10). The combination technique does not
introduce any additional error relative to the single grid because the second term
in (3.26) vanishes due to b = 0. The combination technique works very well for this
fully grid-aligned test case, as can be seen in Figure 3.3(a). Figure 3.3(a) also shows
that intermediate combinations do not improve the efficiency for the horizontal
test case. In fact, the ICT results coincide with the CT results.

Diagonal test case.

For the diagonal test case, error profiles are shown for the combination technique
and the single grid in Figures 3.2(b) and 3.2(c) respectively. We see that for this test
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case the error due to the combination technique is somewhat larger than the single
grid error and has a different shape. This figure also shows that the combination
technique can be made more efficient by applying 8 combinations. Figure 3.4(a)
shows how the error due to the combination technique decreases as the number of
combinations is increased. The ICT error converges to the single-grid error as the
number of combinations is increased. The first couple of combinations strongly
decrease the error, a further increase in the number of combinations does not de-
crease the error much further.

Time-dependent test case.

For the time-dependent test case the error profiles for the CT and the ICT are plot-
ted in Figures 3.2(e) and 3.2(f), respectively. We see that making intermediate com-
binations influences both the shape and size of the error. Note that Figures 3.3(b)
and 3.3(c) are similar, i.e., just like the diagonal test case the time-dependent test
case is solved more efficiently with intermediate combinations (ICT) than without
(CT). However, the reason for the efficiency of the ICT is somewhat more complex
for the time-dependent test case than for the diagonal test case. As we can see
from Figure 3.4(b) the ICT error does not decrease monotonically with the number
of combinations and this is correctly predicted by our theory. We can see that when
a multiple of four combinations is made the ICT error becomes equal to the single
grid error. This follows from (3.34) due to the fact that the product of integrals in
the summation in the second term is always zero when a multiple of four combina-
tions is made. When a multiple of four combinations is made the time-dependent
test case is effectively split into two horizontal and two vertical advection prob-
lems and these are solved very well by the combination technique, as we know
from the first test case.

For the time-dependent test case the agreement between predicted and observed
error is very good for the single grid and the ICT. For the combination tech-
nique without intermediate combinations the agreement is a little weaker. This
can be understood as follows. The combination technique tends to amplify cross-
derivative terms in the single-grid error and of these amplified terms only one is
included in our analytical predictions, viz. the second term in (3.26). The discrep-
ancy between the predicted and observed CT errors is to be ascribed to the am-
plified cross-derivative terms that are not included in our analytical predictions.
These terms are proportional to a second or higher power of t and are therefore,
according to Section 3.4.5, inversely proportional to a first or higher power of M
if M combinations are made . Hence, the terms that cause the discrepancy are
significantly smaller for the ICT than for the CT, especially for higher numbers of
combinations.
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Molenkamp-Crowley test case.

Error profiles for the Molenkamp-Crowley test case are shown in Figures 3.2(g),
3.2(h) and 3.2(j) for the SG, CT and ICT, respectively. We see that the CT error is
larger than the SG error, but intermediate combinations help considerably, i.e., the
ICT error lies much closer to the SG error than to the CT error. Figure 3.3(d) shows
that the Molenkamp-Crowley test case is a tough case to solve efficiently with the
combination technique. Figure 3.3(d) shows that CT is less efficient than the single-
grid technique, whereas ICT is more efficient in solving the Molenkamp-Crowley
test case. For completeness, Figure 3.4(c) shows how the ICT error decreases with
increasing number of combinations.

3.6.4 Implementational issues

Boundary complications.

The L errors for the Molenkamp-Crowley test case were determined after the so-
lutions were restricted to the 33 x 33 root grid. We were forced to do this because at
high accuracies the fourth-order interpolation produced wiggles near the bound-
aries that dominate the combined discretization error. These wiggles do not appear
in the nodes of the root grid, because for those nodes no interpolation is necessary.
However, at very high resolution wiggles near the boundaries appear in the nodes
of the root grid as well. In particular for Lg > 6 the wiggles are of equal or greater
magnitude than the combined discretization error itself. The cause for these wig-
gles lies in the fact that the discretization near the boundaries is of lower order
which obstructs the cancellation of errors required by the combination technique
to function properly. An illustration of wiggles near the boundary is shown in
Figure 3.5(b). Above difficulties were not observed for the other test cases because
there the solutions stayed away from the boundaries. We also ran the Molenkamp-
Crowley test case for the initial profile (3.37) shown in Figure 3.2(a) which stays
away from the boundaries. This removed the problems near the boundaries but
introduced a similar wiggle in the origin. We believe that this wiggle is also due to
an order reduction caused by the switching of the upwind discretization stencil in
horizontal and vertical directions due to the sign change of the coefficients in the

origin.

Choosing an optimal root mesh-width.

All numerical results for the combination technique were obtained with a root
mesh width H = 1/16 corresponding to a root level Lg = 5. This choice was made
to optimize the performance of the combination technique when applied to the
Molenkamp-Crowley test case. This is illustrated in Figure 3.5(a). In this figure
the performance of the combination technique with 8 combinations which has
Lr + N = 10 fixed (ICT) is compared with the single-grid performance (SG). We
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-1 -1 -1 - 1, =4

(A) Initial profile 1,2,3 (B) diagonal, CT (C) diagonal, SG

-1 -1 P g

(E) time-dependent, (F) time-dependent,
CT ICT

-1 4 -1 4 -1 -

(G) Molenkamp, SG (H) Molenkamp, CT (I) Molenkamp, ICT

Figure 3.2: Initial profiles and numerically observed errors for the single-grid technique
(SG), the combination technique (CT) and the combination technique with intermediate
combinations (ICT), applied to the diagonal, time-dependent and Molenkamp-Crowley test

cases.
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Figure 3.3: Numerically observed (obs) and analytically predicted (pred) performance of the
single-grid technique (SG), combination technique (CT) and combination technique with
intermediate combinations (ICT) applied to the test cases.
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Figure 3.4: L, error versus number of combinations for three test cases.
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(A) Performance of the combination tech- (B) Error profile due to a combination
nique with 8 combinations (ICT) for technique with root level 5, sparseness
root levels 4,5,6 and 7. level 6 and 8 combinations.

Figure 3.5: Implementational issues; Molenkamp-Crowley test case.

see that for Lg = 5 the performance of the ICT is optimal, although performance
for Lg = 6 is comparable. The optimal choice for Lg is only weakly dependent
on the sparseness level N, therefore we could safely use Lg = 5 throughout for
optimal performance. To see that the optimal L varies slowly with N consider
the following argument. We found that, to solve the Molenkamp-Crowley test
efficiently, the additional error due to the combination technique had to be of com-
parable magnitude as the single-grid error. According to our error analysis for
constant coefficients (3.26) this implies

L
h

1\1/3
H~ (N) ;

showing that H needs to decrease only slightly when the sparseness level, and thus
the number of grids in the combination technique, increases.

h ~ H31? log,

which leads to

3.6.5 Richardson extrapolation

In [7] Riide points out that simple Richardson extrapolation is in fact more efficient
than the combination technique for the solution of a smooth Poisson problem. To
see how Richardson extrapolation would perform for the Molenkamp-Crowley
test case, we considered the following Richardson extrapolant

N,N _
wr =

8 NN _1oNN, N-1,N-1
— NP ’ )
7¢ Al
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it cancels so the leading third-order term in the error expansion (3.9). The new
leading-order terms are proportional to h*33c and h*3;c and are thus of a disper-
sive nature which is shown in the N = 9 error profile for Richardson extrapolation
in Figure 3.6. The Richardson extrapolant has an asymptotic error

dre ~ Hge
while it has the same asymptotic complexity as a single grid,
Cre ~ hig

If we consider a combination technique and a Richardson extrapolation of equal
complexity, i.e., we put
Cre ~ Ccr

then we obtain 2/
hRE ~ hCT
which leads to
dgg ~ K3, (3.39)

According to (3.26) the combination technique has
d ~ k3 loghzl. (3.40)

Comparison of (3.39) with (3.40) shows that in the limit # — 0 the combination
technique is more efficient than Richardson extrapolation.

In Figure 3.3(d)the numerically observed performance of Richardson extrapolation
(RE) is compared with that of the single grid (SG) and the combination technique
with intermediate combinations (ICT) when applied to the Molenkamp-Crowley
test case. Figure 3.3(d) clearly shows that Richardson extrapolation is very efficient
for the Molenkamp-Crowley test case, much more so than the combination tech-
nique, even though we expect the combination technique to be superior to Richard-
son extrapolation in the asymptotic limit # — 0. For the Molenkamp-Crowley
test case, without parallelization and on grids of practically relevant mesh width,
the combination technique can not compete with Richardson extrapolation. Note
that Richardson extrapolation and the combination technique strive for higher ef-
ficiency in different ways. Richardson extrapolation generates a higher-order solu-
tion for a marginally larger complexity, while the combination technique requires
lower complexity for a marginally larger error.
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Figure 3.6: Error profile present in an N = 9 Richardson extrapolant.

3.7 Conclusions

We have derived leading-order expressions for the error that is introduced when
a spatially constant coefficient advection equation is solved with the combination
technique. In our derivations we have accounted for time-dependent coefficients
and for intermediate combinations. When a constant coefficient advection equa-
tion

ct+acy +bey =0 (3.41)

is solved on a grid of mesh width h, this will introduce an error d into the numerical
solution which is in leading order given by

d = tph? (|a] 3% + b3 e+ 0 (1), (3.42)

where c is the exact solution, p is the order of discretization and ¢ is an error con-
stant. We have shown that when we solve (3.41) with the combination technique,

we obtain an error d which is in leading order given by

d = tgh?(la|d" + b3 e

+ 34129 [ab| HPRP (1 + (1 - 27) log, ¥)a% '8 e + 0 (P+110g, 1),

(3.43)
where H is the mesh width of the coarsest grid in the combination technique and
M is the number of combinations. We see that the leading-order term from the
single grid error (3.42) reappears in the combination technique error (3.43) and is
accompanied by a new term which is formally of order h? logh~!. Focusing only
on the order in terms of k, this new term has to be identified as the leading-order
term in (3.43). The numerical experiments suggest, however, that the term pro-
portional to h? in (3.43), which is also present in the single-grid error, is of equal
importance as the new term proportional to #” log h~!. The additional error due to
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the combination technique, corresponding to the second term in (3.43), is propor-
tional to 1/ M. This suggests that the error due to the combination technique can be
strongly reduced by making a couple of intermediate combinations. The numer-
ical results confirm this. For our test case that has time-dependent coefficients it
turns out that the number of combinations has to be chosen such that the problem
is split up in problems which have a constant direction of advection. This agrees
with our error analysis. Finally, the combination technique proved more efficient
for grid-aligned problems than for non-grid-aligned problems, which follows from
numerical observations and from analysis.

For the Molenkamp-Crowley test simple Richardson extrapolation proved more
efficient than the combination technique, even though the combination technique
is expected to be more efficient in the asymptotic limit 7 — 0. Riide made the same
observation for a smooth Poisson problem in [7].

When going to three spatial dimensions (or even higher dimensional problems),
the combination technique will perform significantly better. Furthermore, very
significant gains in performance can be obtained when the combination technique
is parallelized.
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SOLUTION OF
TIME-DEPENDENT
ADVECTION-DIFFUSION
PROBLEMS WITH THE
SPARSE-GRID COMBINATION
TECHNIQUE AND A
ROSENBROCK SOLVER

Abstract. In the current paper the efficiency of the sparse-grid combination tech-
nique applied to time-dependent advection-diffusion problems is investigated.
For the time integration we employ a third-order Rosenbrock scheme implemented
with adaptive step-size control and approximate matrix factorization. Two model
problems are considered, a scalar 2D linear, constant-coefficient problem and a
system of 2D nonlinear Burgers’ equations. In short, the combination technique
proved more efficient than a single grid approach for the simpler linear problem.
For the Burgers’ equations this gain in efficiency was only observed when one
of the two solution components was set to zero, making the problem more grid-
aligned.
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41 Introduction

In modern CFD codes accurate resolution of thin solution layers is still very time
consuming. Especially for high Reynolds numbers many grid points are needed to
resolve the very thin layers. The common remedy is to use adapted grids that have
small cells near the layers and large cells elsewhere. In this paper we investigate
another approach to resolve the thin layers, namely the sparse grid combination
technique (CT) as introduced by Griebel, Schneider and Zenger [4].

The CT is attractive because, asymptotically, it can yield a smaller spatial error for
a given complexity than a single grid approach (SG) can [14], [1]. Consider a prob-
lem of spatial dimension d that is solved on a single grid with spatial discretization
of order p, i.e., on a single grid of mesh width h the spatial error is O(h”). On a sin-
gle grid this problem would have a complexity ~ h~%. With the CT a spatial error
of order O(hP (log h)4~1) can be obtained with a complexity ~ h~1(logh)*~!, ie.,
an asymptotically first-order complexity is obtained with only a slightly larger er-
ror than for the SG. Furthermore, the CT can be easily and efficiently implemented
on a parallel computer, see [3].

In [9] we investigated the efficiency of the CT when applied to a pure advection
equation and concluded that for a non-grid-aligned solution the CT does not per-
form very well (see [9] for a more complete report). In [11] this was also found
for some elliptic PDEs. Note that in [5] the CT is also applied to a pure advection
equation, but here the efficiency of the CT is not considered.

In practice, advection-diffusion problems are usually solved on boundary-fitted
grids. The corresponding solutions are usually grid-aligned. In this paper we
study model advection-diffusion problems having this type of solution.

An essential ingredient for a CT solver for time-dependent problems is an efficient
time accurate integrator. We use a three-stage, third-order Rosenbrock method
implemented with built-in step-size control and approximate matrix factorization.
Without step-size control the method can be implemented as a two-stage scheme.
It uses approximate matrix factorization to greatly speed up the solution process,
hence we call it factorized ROS3. In [7] the same factorized ROS3 has been used,
independently from the current paper and without the CT.

As model problems we consider a scalar two-dimensional, constant-coefficient
advection-diffusion equation and a system of two-dimensional Burgers’ equations.
To evaluate the efficiency of the CT we compare it with a straightforward SG ap-
proach.
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4.2 The model problems

4.2.1 Model problem 1: The advection-diffusion equation

We consider the constant-coefficient advection-diffusion equation

U+ uy — € (Uxx + tyy) =0 4.1)

on the spatial domain [—1, 1] x [-1, 1] and take u(x, y, 0) = 0 as initial solution. As
boundary conditions we impose

0, y<0
u(-1,y,t) = %, y=0, uy(x,+£1,t)=0, u(l,yt)=0.
1, y>0

For € = 102 the solution at ¢ = 1 is shown in Fig. 1. It possesses a horizontal and
a vertical grid-aligned solution layer. The thickness of both layers is proportional
to /e as € — 0. For the steady state solution we have derived an exact expression
in terms of a Fourier sum,

u(x,y) = me

Bux) = 25n(F)/nm x (e"W_e(Z—xh/W)

7

and have used this expression to confirm that our numerical method converges to
the correct solution in the limit  — co.

4.2.2 Model problem 2: Burgers’ equations

The two-dimensional Burgers’ equations

U = —Uly — Uy + € (Uxx + Uy,

Ut = —uUUy — vy +€(Vax + 0y, |
are considered on the spatial domain [—1,1] x [-1,1]. The boundary conditions

we impose are

_ _[1-4y-p>y=20 _ -
u( l,y,t)—{ 1_4(y+§)2’y<0 ;o ou(x,x1,8) =0, ux(lyt)=0,

and

v(—1,y,t) = —0.35sin (%ny) , vy(x,£1,8) =0, ve(l,yt)=0.
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Figure 4.1: Solution of model problem 1 at t = 1 for € = 0.01

As initial solutions we take

_ [ 1-4y—3)2y20
w0 = {174 T S

v(x,y,0) = -—0.35sin (—12—7ry>.

7

In Figures 2 and 3 the u and v components of the solution at ¢t = 3 are shown for
¢ = 1072, The v component shows a sharpening from the sinusoidal inlet condition
at x = —1 to a much steeper slope at the outflow boundary at x = 1. This is a grid-
aligned phenomenon since near the outflow boundary the solution varies much
stronger in y direction than in x direction. The u component shows a mixing of
two jets. This phenomenon is not especially grid-aligned.

4.3 The sparse grid combination technique

In the CT several solutions on different grids are combined to get a solution which
has the accuracy of a much finer grid. The two-dimensional CT is based on a grid
of grids as shown in Fig. 4. Grids within the grid of grids are denoted by 8
where upper indices label the level of refinement relative to the root grid 0%, The
mesh-widths in x and y direction of Q'™ are hy = 2~ 'H and hy = 27™H, where H
is the mesh width of the uniform root grid Q0. We denote the mesh width of the
finest grid QNN by h. Note that hy and hy are dependent on the position (I, m) in
the grid of grids while 4 is not.
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Figure 4.2: u-component of the solution of model problem 2 at t = 3 for € = 0.01

Figure 4.3: v-component of the solution of model problem 2 at t = 3 for € = 0.01
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level = 0 1 2 N=3 Notation Description

W | 4 QM N finest grid of mesh width i =2ANH
\ l

Qb™  semi-coarsened grid, of mesh widths
h=2"Hand hy=2™ H

u continuous, exact solution
= IL,m 5o
ZN=6 g restriction operator that maps onto aobm
pN. N prolongation operator that maps onto oM N
U‘( m - . . Lm
> semi-discrete approximate solution on Q

ao s e

Figure 4.4: Grid of grids

In the time-dependent combination technique a given initial profile

u(x,y,0) is restricted, by injection, onto the grids QN0 QN-L1 ... OON and onto
QN-10 N-21 ... (0N-1 see Fig. 4. The resulting coarse representations are
then all evolved in time with our ROS3 time integrator. Then, at a chosen point in
time, the coarse approximations are prolongated with g-th order interpolation onto
the finest grid QV'N, where they are combined to obtain a more accurate solution.
The notation is summarized in Fig. 4.

Considering the exact solution u, the combination technique, as introduced in [4],
constructs a grid function #N'N on the finest grid QNN in the following manner,

i‘l\N,N = Z PN,NRl,mu _ Z PN’NRl’mu.
I+m=N I+m=N-1

The corresponding so-called representation error rN-N is

P =gl _ piNy, 4.2)

Likewise, assuming exact time integration and considering semi-discrete solutions
U™, resulting from a spatial discretization, the combination technique constructs
an approximate solution UNN on the finest grid QNN from the coarse-grid ap-
proximate solutions according to

gyN = Yy pNNym_  y pNANyim, (4.3)
I+m=N I+m=N-1

Let d'" denote the discretization error on grid Qi je,

g = (P — Ry, (4.4)

The total error eNN = UNN — RNNy present in UNN is written as

NN _ NN 4 gNN
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where the combined discretization error NN = (INN _ NN jg given by
aN,N — Z PN,Ndl,m _ 2 PN'Ndl’m. (45)
l4+m=N l4+m=N-1
NN ;

In [8] the representation error r is analysed and in [10] an analysis is given of
the combined discretization error dNN for pure advection problems. In the next
section we give similar results for the combined discretization error for our model
problem 1, the linear, constant-coefficient advection-diffusion equation.

4.4 Spatial discretization errors

For the first test problem, the linear constant-coefficient advection-diffusion prob-
lem, we can derive an expansion in mesh widths for the spatial discretization error,
as we did for the pure advection problem in [10]. Since essentially the same ap-
proach is used as in [10] we state only the results. We consider the error in the spa-
tially discrete solution due to spatial discretization only, i.e., we assume here time
integration to be exact. In (4.1) the diffusion terms are discretized with second-
order central differences and the advection term is discretized with the third-order
upwind biased discretization [6]. We only consider the error away from the bound-
aries, i.e., we neglect the influence of boundary conditions. When solved on a sin-
gle grid with mesh widths h; and hy in x- and y-direction, the resulting spatial
discretization error can then formally be expanded as

© (—tE tE
d(x,y,t) = Z adv. dlff) u(x,y,t),
i=1
© (<2 +3(=1)i 41, i1
Eup = W9
ado I_Z_;, 3G+ 1)!
(1) +1 jaj+2 ji+2
Ediff = ng(}‘la} +h]al )

assuming that u(x, y, t) isa C* function. Neglecting O(h%) and O(hg,) butincluding
O(h%h;) for later comparison yields the following leading order expression

t t
dx,yt) = ——E(hia§+hza4) u(x,y,t) — 53k, y, 1

1 ” h2h2a4a4u(x ¥ t) + O(h3) + O(hy).

Just as in [10] we use this result to determine the resulting spatial discretization
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error in the combined solution. It is given by

~ teh? th®
dlt) = -2 (t+3f) u(t) - atu(t) *6)
§2¢2 0o H, .44 3 1
+mH h*(1 —3log, W)BXE)yu(t) + O(h’ log, E)'

The first error term is the usual leading error term on QNN coming from the diffu-
sion operator. Similarly, the second term comes from the advection operator. The
third term comes forth from the mixing of diffusion in x- and y-direction in the
combination process. Since there is only advection in the x-direction, advection
does not produce any additional error in the combined solution. In order for the
CT to be effective the third term should be small compared to the first two terms.
Asymptotically (as h and H tend to zero) this is clearly the case. In practice the
asymptotics are not always strong enough for the third term, and higher mixed
terms, to be negligible.

4.5 The Rosenbrock solver ROS3

We consider autonomous ODE systems of the form

dau

which are supposed to result from spatial discretization on one of our grids and
seek a numerical approximation U, ~ U(t) at t = t,. To obtain this approximation

we apply a third-order consistent two-stage Rosenbrock method, ROS3 (also being
used in [7]), which can be written as

5 3
Uy = Un+ Zkl + Zkz,
(I—9tA)1 = TF(Un),
2 4
(I—vy1tA)y = TF(U,+ gkl) - §k1,

where T = f,,,1 — t, is the step size and A is the Jacobian matrix f'(U,) or an O(7)
approximation thereof. This scheme is a variation to the scheme ROS2 as presented
in [13] and belongs to a family of schemes discussed on p. 233 of [2]. Its stability
function is

_1+(1-27)2+ (3 =27 +7%)72°

(1—-172)? ’

R(z)

which shows that the scheme is A-stable if and only if v > 1/4. The scheme is
third-order accurate provided A is an O(7) approximation of the Jacobian matrix
and vy = 1/2 + v/3/6. Note that this specific 7 yields A-stability. Because our spa-
tially discrete problems are stiff due to the diffusion term, A-stability is a desirable

property.
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4,5.1 Factorization

Since the ROS3 scheme remains of third-order for any O(7) perturbation to A =
f'(Uy), we can split A as A = Aj + Az and use
5 3
U,,+1 = Un + Zkl + '4‘k2,
(I-y7A1)(I —17A2)k TF(Uy),
2 4
(I—ytA)(I - YTA) ks = TF(U, + gkl) - §k1

The latter, factorized ROS3 scheme, is still of third-order since
(I-ytA1)(I —77A2) =1 - 77(A — 1TA147).

In the current work we use directional factorization to separate the horizontal and
vertical coupling such that A; only couples unknowns in the horizontal direction
and A; only couples unknowns in the vertical direction. This leads to enormous
savings in required computational work since it reduces the two-dimensional lin-
ear algebra to one-dimensional linear algebra.

Without factorization, spatial discretization leads to pgq coupled linear algebraic
equations for the Rosenbrock vectors k; and k, where p is the number of unknowns
in horizontal direction and 4 the number in vertical direction. With factorization,
we have p sets of 4 coupled equations and ¢ sets of p coupled equations for k; and
likewise for k,. This is a clear advantage of factorization since p sets of 4 coupled
equations are solved much faster than one set of pq coupled equations. Another
benefit of directional factorization is that the resulting sets of equations have band
diagonal matrices and can therefore be solved very efficiently by means of LU
decomposition.

In [7] it has been proven that a similar property as A-stability holds for the fac-
torized ROS3 scheme. For our model problems this means that we have uncon-
ditional stability in the sense of Fourier-Von Neumann. Finally it should be noted
that the above approximate matrix factorization is well known in the numeric PDE
literature, see [7] for some references.

4.5.2 Time step size control

In our implementation of ROS3 we compute another auxiliary vector, k3, to obtain
an estimate for the local time error. The corresponding extra auxiliary equation is

2492 — 99 -1 3y-1

(I —97tA1)(I —yT1A2)k3z = TF(Up41) +

+ ks.
6Y(1—2y) T 29(1-27) "
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Our error estimate is

62 -1 6y —67+1
— k1 +
67(1—27) 29(1-29)

- L.34°¢ 4
= g7 Ct3+O(T),

Est = ky — k3

which is the last term in the Taylor expansion of the updated solution that our
scheme still handles correctly. We strive for an equidistribution of errors, i.e., we
attempt to keep E,s, measured in the Ly norm, fixed at some tolerance To! during
the integration. To achieve this we adjust the step size T according to

Tol )1/3
||lgest||1

Solution updates are only performed when ||Ec||; < Tol at the new time level,

Tnew — 0-87b1d <

otherwise the update is computed again with a smaller step size. The factor 0.8 is
a safety factor and serves to avoid excessive numbers of rejected updates. In our
implementation the ratio Ty /T,y was kept bounded between 0.1 and 10.

Now consider the global time error e, at time level ¢,, i.e., the difference between
the computed solution at time level t,, and the exact solution at the same time level.
This error is in fact proportional to the tolerance Tol that we imposed, i.e.,

e, ~ Tol.

This property of tolerance proportionality follows from [12], p. 350, when we iden-
tify our scheme as an XEPS scheme, i.e., an error per step control with local extrap-
olation. The proportionality between the imposed tolerance and the global time
error is a nice property since it allows the user to control the global error in a very
direct manner.

4.5.3 Numerical illustration of factorized ROS3

Figure 5 displays the integration history for the Burgers’ equations solved up to
t = 3 on a single 33 x 33 spatial grid with Tol = 10~3. The step size T is shown
in the left graph and the error estimate || Es¢||; in the right graph. We start with an
initial step size T = 10~2 which turns out to be somewhat too small for the imposed
tolerance value. As the integration progresses larger step sizes are permissible. In
the intermediate stage of the integration the step size remains almost constant.
Finally, as the solution approaches steady state the size of the allowed step size
quickly grows. During the integration the step size control keeps the error estimate
||Eest||; at a nearly constant level, as can be seen from Fig. 5.

In Table 1 the ratio of maximal global time errors Ery; is shown for solutions with
tolerance Tol and tolerance Tol/2 as a function of the tolerance. The time errors
were estimated by subtracting a reference solution obtained with Tol = 1078, As
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Figure 4.5: Integration history of model problem 2

the tolerance, and hence the step size, gets smaller we see that the ratio approaches
2, which confirms that the global time error is proportional to the imposed toler-
ance.

Tol | Loo(Eqo1)/Loo(ETo1/2)
1073 1.748
104 1.597
107° 1.878
10— 1.973

Table 4.1: Ratio of global time errors for model problem 2

4.6 Results

In this section the CT is compared with the standard SG approach. Both are imple-
mented with the same spatial discretization, i.e., second-order central discretiza-
tion for the diffusion operator and third-order upwind-biased discretization for
the advection part. The Neumann condition on the outflow boundary in model
problem 1 is only imposed on the diffusion operator to avoid spurious reflections
at that boundary.
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4.6.1 Validation of the sparse grid error expression

In Fig. 6 a numerical illustration of the sparse grid error behaviour is given. Spatial
errors are shown for solutions of (4.1) with initial profile

u(x, v, 0) — 6_16(x2+y2)’

integrated up to ¢ = 0.25, with ¢ = 0.05 and zero Dirichlet boundary conditions.
A sparse grid with N = 5, i.e., containing 11 semi-coarsened grids, was used.
The top row of Fig. 6 corresponds to solutions obtained with a root mesh width
H = 1/2, the bottom row corresponds to H = 1/8. The errors in the left column
were obtained numerically, i.e., by subtracting a reference solution obtained on
a finer grid (N = 5, H = 1/32). The errors in the right column are predictions
according to (4.6) where the derivatives of the solution were replaced by numerical
differences of the reference solution.

The errors in the top row show oscillatory behaviour that is due to the third term in
(4.6), i.e., the term due to combination. This behaviour is absent in the lower row.
Here the third term, which is proportional to HZ, is negligible due to the smaller
H = 1/8. The error prediction (4.6) illustrated in the right column clearly matches
this transition in error behaviour.

4.6.2 Model problem 1: the advection diffusion equation

In Fig. 7 the efficiency of the CT is compared with the SG when applied to the
linear constant-coefficient advection-diffusion equation. Along the vertical axes
the error is plotted, measured in the L; norm for the left column of graphs and in
the Lo norm for the right column. Along the horizontal axes the computational
work is plotted in terms of number of required cell updates. The graphs in the top,
middle and bottom row correspond to ¢ = 1072, 103 and 107, respectively.

We see that for all these ¢ the CT is more efficient than the SG when we consider the
errors in the L; norm. Also, the gain in efficiency becomes larger as ¢ is decreased.
This is expected since for small & the grid-aligned advection becomes more domi-
nant rendering the test case more grid-aligned and hence better suited to the CT.
For ¢ = 1073 and 1075 the same holds for the Lo norm. For ¢ = 1072 the CT
does not perform well when measured in the L., norm. Examination of the corre-
sponding spatial error distribution shows that the maximum error occurs near the
discontinuity in the inlet condition. The mixed derivative uyyyy is large near this
discontinuity leading, for large ¢, to a large term 2u xxyy present in the spatial error
due to the CT. Hence it is to be expected that for relatively large ¢ the CT performs
poorly locally near the discontinuity.
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Figure 4.7: Efficiency comparisons for model problem 1
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4.6.3 Model problem 2: Burgers’ equations

In Fig. 8 again the CT and SG are compared in terms of efficiency, this time for the
2D Burgers’ test case. In Fig. 8 the diffusion parameter is kept fixed at ¢ = 1072
since varying the diffusion parameter does not change the qualitative conclusions
that can be drawn from this figure. The top row corresponds to the Burgers’ test
case as described in Section 4.2.2. For this test case it is clear that the CT does not
perform very well relative to the SG, either when measured in L; norm or in L
norm. It was expected that the Burgers’ test case would be less well suited to the
CT than the linear test case since the former is not as clearly grid-aligned.
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Figure 4.8: Efficiency comparisons for model problem 2

To see how the CT performs on the Burgers’ test case when this is made more grid-
aligned, we now take as initial condition v = 0 which guarantees that v remains
zero. Furthermore we replace the parabolic inlet condition by

_ [ cos?(y—3),y>0,
u(=1Lyt) = { cos?(y + %2)2, y <0.

This removes a strong peak in the error at (x,y) = (—1,0) which would otherwise
dominate the error. The results for this reduced Burgers’ test case are shown in
the lower row of Fig. 8. Measured in the L; norm the CT outperforms a SG when
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applied to this reduced test case. Measured in the Lo norm this is still not the case,
but at least the CT is comparable.

4,7 Conclusions

When applied to the simple grid-aligned, linear constant-coefficient test case the
CT is clearly superior to the SG approach in terms of efficiency. Especially when
the diffusion parameter ¢ is small, the linear test case is strongly grid-aligned and
very well suited to the CT.

When applied to the 2D Burgers’ test case, the CT does not perform so well. The
CT does perform reasonably well for a reduced version of the Burgers’ test case
with advection in only one direction.

Based on these observations, our expectation that the CT is well suited to
advection-diffusion problems that are strongly grid-aligned has been confirmed.
But it seems that the CT is less suited to more general problems.
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NUMERICAL SOLUTION OF
MIXED GRADIENT-DIFFUSION
EQUATIONS MODELLING
AXON GROWTH

Abstract. In the current paper a numerical approach is presented for solving a
system of coupled gradient-diffusion equations which acts as a first model for the
growth of axons in brain tissue. The presented approach can be applied to a much
wider range of problems, but we focus on the axon growth problem. In our ap-
proach time stepping is performed with a Rosenbrock solver with approximate
matrix factorization. For the Jacobian an approximation is used that simplifies the
solution of the coupled parabolic and gradient equations. A possible complication
in the implementation of source terms is noted and a criterion that helps to avoid
it is presented.
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5.1 Introduction

In biological experiments it is often observed that in the initial growth phase axons
approach each other to form a bundle. Then, in the intermediate phase the axons
grow jointly towards a remotely located concentration of so-called targets. Once
the axons have sufficiently approached the targets they debundle and attach to dif-
ferent individual targets. The ultimate goal of our research is to develop a numer-
ical modelling tool that can establish which physical processes are necessary and
which are not to predict above described behavior of bundling and debundling.

It is known that one of the mechanisms by which axons are guided to their targets
relies on the diffusion of chemo-attractant molecules from the target through the
tissue. The concentration of target derived chemo-attractant is largest near the tar-
gets and decays away from the targets. The growth cones at the tip of the axons
can sense and follow the gradient in concentration to reach the targets [3]. Further-
more, it is also known that axons are repelled by diffusible molecules secreted by
tissues the axons need to grow away from.

Several mechanisms have been suggested to explain that axons approach each
other in the initial growth phase. Random movement might bring the axons to-
gether, repulsive signals from surrounding cells could do the same or diffusible
molecules that the axons secrete may guide them towards each other. Following
[5], we focus on the latter mechanism; we assume that the axons growth cones emit
a diffusible chemo-attractant to which the other axons growth cones are sensitive.

Furthermore we assume that the growth cones can secrete diffusible substances
that act as chemorepellant to the other axons. In particular we allow the rate of
secretion of chemorepellant to be dependent on the concentration of target de-
rived chemo-attractant. This enables the axons to repel one another progressively
stronger as they approach the target area, ultimately leading to debundling.

In the current paper we restrict the interaction between axons to growth-cone to
growth-cone interaction. Le., axons only secrete chemicals from their growth cones
and can only sense with their growth cones.

5.2 Biological model

In this paper we consider essentially the same model as in [5]. We consider a fixed
spatial domain () = [-0.5,0.5] x [—0.5,0.5], measured in millimeters. The model
assumes that both the targets and the growth cones secrete diffusible chemical
compounds to which the growth cones are sensitive. In particular, the targets re-
lease an attractant and the growth cones release both an attractant and a repellant.
The rate of release of repellant is dependent on the concentration of target derived
attractant. This allows the axons to repel each other once they have reached the
target area, where there is a high concentration of target derived attractant.
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The time evolution of the concentration fields is governed by diffusion equations
of the form 3

u
E_dAu—Ku+s,

where u is the concentration of a diffusible chemical compound. The diffusion
constant d measures how quickly the compound diffuses through the medium,
the loss constant x measures the rate of absorption of the medium and the source
term s contains the release of mass by the axons and targets. The growth of the
axons is governed by gradient equations of the form

A AVu(e(t), 1), (5.1)
dt
where r is the position of an axon. The parameter A measures the sensitivity of the

axon to gradients in the concentration field u.

A property of (5.1) is that in a steady solution field u, limit points for r coincide
with a maximum, minimum or saddle point in u. Depending on the sign of A,
maxima or minima can either be stable or unstable limit points. For A > 0, r will
move in the direction of the gradient of u, i.e. it will move towards a maximum
of u. Once at a maximum, a small displacement in r will cause r to move back
towards the maximum. Hence, for A > 0 maxima in u are stable limit points for r.
Likewise, for A < 0 minima in u are stable limit points for r. For A < 0 maxima are
unstable limit points for r since a small displacement from a maximum will cause
r to move away from the maximum. Likewise, for A > 0 minima in u are unstable
limit points for r. Saddle points are always unstable since a small displacement
from the saddle point can place r at a new position where the gradient in u can
either point towards or away from the saddle point.

For the current model of cone derived attractant and repellant and target derived
repellant the growth of the axons is governed by the following set of coupled
gradient-diffusion equations:

El“g:_'t) = dyAu(x,t) — xuu(x,t) + oy ;S(x —Tg), (5.2)
BU_E;,L) = dyAv(x,t) — Kpv(x, t) + 0y ;s(x —1,(t)), (5.3)
awg, t) = dpAw(x,t) — kuw(x,t) + E‘Tw (u(x, 1)) s(x —1s(t)), (5.4)
dr;ﬁt) MVu(ra(£), 1) + Ao Vo(re(t), £) — ApVw(rg(t), 1), .5)

together with homogenous Dirichlet boundary conditions on #, v, and w.

Here t denotes time, x = (x,y) denotes a position in two dimensional space, u,
v and w denote the concentrations of respectively, target derived attractant, cone
derived attractant and cone derived repellant. Furthermore, dy, d, and d;, are the
corresponding diffusion coefficients and «,, x, and x;, are loss coefficients due to
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absorption in the tissue. The positions of the targets and growth cones are denoted
by Tg and r,, respectively, where B ranges from 1 to the number of targets and «
ranges from 1 to the number of cones. The coefficients ¢, 05, and 0, denote the rate
of release of the different chemical compounds. The term s(x) denotes a localised
symmetric source term function with maximum at x = 0. Finally, the positive
coefficients A,, A, and A, measure the sensitivity of the cones to the gradients in
the corresponding chemical concentration fields.

Note that in the gradient equation A, and A, both enter with a positive sign while
Aw enters with a negative sign. This represents the fact that both u and v act as
attractants to the cones while w acts as a repellant. A positive A causes r, to grow
towards a maximum in the corresponding concentration field while a negative A
causes r, to grow away from a maximum.

Example

In Figure 1 the stationary solution for u is shown for a configuration with 5 targets
located at y = 0.25 and x = —0.25, —0.125, 0, 0.125, 0.25. In Figures 2a-f the cones
growth trajectories are displayed corresponding to the stationary target derived
attractant field shown in Figure 1 with initial cone positions given by y = —0.25
and x = —0.25,-0.125,0,0.125,0.25. The trajectories are shown at different time
levels between t = 0 and t = 2000, measured in seconds, together with contour
lines for the net gradient field A, u + A0 — Ayw.

y [mm] o x [mm]
Figure 5.1: Stationary solution for u

Since the axons grow in the direction of the gradient in A,u + Ayv — Ayw, the di-
rection of growth of a cone is always perpendicular to the contour lines. This does
not imply that the growth paths should be perpendicular to the contour lines. The
paths represent the growth of the axons at earlier times and need not be perpen-
dicular to the contour lines at the current time.
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Figure 5.2: Axon growth trajectories together with contour lines for the net gradient field
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Figures 1 and 2 are based on the following parameters:

dy = dy=dy, =104,
KU = Kw = 10_4,

Ky =
A = 1073,

Av = 5-107%,

Aw = 3.75-1073,
0. = 0,=3-1073

These agree with the biological order estimates given in [8], but the used values
were tuned to get a clear pattern of bundling and debundling. Following [5], the
dependence of 03, on u(x, t) is modelled by the following relationship,

3-1073u2
i

For the source function s(x) we have used

s(x) = si1(x)s1(y),
0, |@| > 1.
1-ll, el <.

Here I represents the radius of the axons’ growth cone which we have taken ! =
0.15 mm, which is quite large. A realistic estimate would be ! = 0.02 mm, but
we have taken the larger value to get convergence on relatively coarse grids; the
model is not significantly altered by this choice.

s1(p)

5.3 Spatial Discretization

To evolve the governing system (5.3) in time, we employ a method of lines scheme
(MOL). This implies that we first discretize the spatial operators on a spatial grid.
This transforms the set of PDEs for the field quantities u, v, w into a large set of
ODE:s in time, i.e., we get an ODE for every spatial point. In the current paper
the resulting set of ODEs together with the ODEs for the growth cone positions r,
are solved with a Rosenbrock time stepping technique, as is explained in the next
section.

The set of equations (5.3) presents a numerical challenge due to the presence of the
equations for the growth cone positions r,. Without these, the set could be solved
in a straightforward manner with existing numerical techniques for PDEs. In its
present form the model requires the solution of field equations coupled to parti-
cle equations. In principle it might be feasible to reformulate the field equations
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into a particle form or to rewrite the particle equations into field equations to ob-
tain either a pure particle or a pure field problem, we however choose to apply
a mixed field/particle setup. This approach has as an advantage in that both the
field equations and the particle equations are tackled in a natural, efficient manner.

Consider a uniform spatial grid (), with mesh width k = 1/(N + 1), consisting of
grid cells
Qi ={(x,Ylxi-1 <x < x,y5-1 <y <y}

where x; = th — 0.5, yj = jhi—05andi =1,2,--- ,Nandj = 1,2,--- ,N. We
approximate the spatially dependent function u(x, t) with a grid function u,(t)
such that at node (x;,y;) the grid function u;, has the value u;;(t)} ~ u(x;y;,t).
The spatial differential operators are approximated with second order central finite
difference operators denoted by Ay and V;,. After discretization the ODEs for the
axon positions read

dry(t)
dt

= AuPy(ra (1)) Viun(t) + Ao Py (ra(+)) Vivp(t) — AwPy(ra(£)) Viwp(t),

where r,(t) now represents the solution to the spatially discretized equation. To
avoid excessive indices we do not replace r,(t) by r, 5(t). Note the appearance of
Py (r4(t)). This is an interpolation operator which satisfies

Py (ra(8))Viyuy(t) = Vu(ra(t), t),

provided thh(t)h,j ~ Vu(x;,yj,t). The interpolation that we use is simple bi-
linear interpolation, combined with second order central differences for Vj, hence

we have
Py (xa(£)) Viun(t) = Vu(xa(t), t) + O(H?).

Bilinear interpolation of the differences is sufficient to guarantee that dr,(t)/dt
is continuous across cell interfaces and hence %/ields smooth trajectories for r,.
Note that with bilinear interpolation d?r,(t)/d#* does not exist across cell inter-
faces. This implies that bilinear interpolation is not to be used in conjunction with
a higher order time integration method.

5.4 The Rosenbrock method

The full system of ODEs that results from spatial discretization, here denoted by
dc/dt = F(c), is stiff and therefore integrated with a second order Rosenbrock
solver using an approximate Jacobian matrix. In [9] this solver has been success-
fully applied to an advection-diffusion-reaction system from air pollution mod-
elling. The system is autonomous since the right hand side F(c) contains no ex-
plicit time dependence; all time dependence in F(c) enters through components of
the solution being time dependent. The solution is advanced over a time step with

n+1

=c"+ g'nc + 1'nc

c
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where 7 is the step size f,,1 — t,, ¢" the approximation for c(t,), and
(I-yth)x1 = F(c"),
(I—yt)xy = F(c"+1K9) — 2K7.
Here ] is an approximation of the Jacobian dF /oc at ¢ = ¢ and 7y is a free parameter.
With the exact Jacobian for ], the stability function reads
R(z) = 1+(1 —27)2-}—(% — 27+ 4?)z?
- (1-12)? ’

from which it follows that the method is A-stable if and only if v > 1/4 [4]. Fur-
thermore the method is L-stable if y = 1 &+ %\/5 and the exact Jacobian matrix is
used for J. The scheme is of second order in 7 regardless of the choice for J.

(5.6)

In [4] one finds ample evidence that Rosenbrock methods are well suited to solve
stiff ODEs in the low to moderate accuracy range. However, with the exact Jaco-
bian 9F /dc the method cannot be efficiently applied since the linear system solu-
tions are much too expensive. We therefore apply it with an approximation for
oF /oc.

In the current work ¢ = (py, 1), where py, = (up, vy, wy) and ry, is the vector of the
ry. To simplify the notation, in the following we suppress the index h. Further-
more, in an obvious notation, we write F(c) = (Fy(c), F(c)), then

9F, 9F,

oF [ 3% o

ac |\ a5 a5 |’
% or

We now exploit the fact that the Rosenbrock solver remains of second order for any
choice of approximate matrix | and put

an(Cn) 0
= "% ).
0 0

That means we treat the dF,/dp part of the system linearly implicitly and the re-
mainder explicitly. In other words, without the gradient equation we apply the
A-stable Rosenbrock solver to the semi-discrete field equations with an exact Jaco-
bian matrix, and without the field equations we integrate the gradient equations
explicitly. The explicit method is obtained by substituting for ] the zero matrix in
the Rosenbrock method. This gives the explicit trapezoidal rule

P %TF(C") + %TP(Cn + TF(c™)). 6.7

We have also experimented with another implementation that does treat the whole
system implicitly. In principle this allowed us to use the third order Rosenbrock
method from [7], but we did not pursue this further because complications arose in
the spatial discretization. The third order Rosenbrock method requires a smoother
spatial discretization of higher order. So far we did not succeed in implementing
such a discretization that worked better than the existing one.
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54.1 Stability

While the order of the Rosenbrock method remains 2 with an approximate Jaco-
bian, the stability properties can drastically change. Due to our choice for ], in-
tuition says that the step size restriction will come from the explicit trapezoidal
rule applied to the gradient equations and that the field equations do not give a
restriction since these are solved linearly implicitly.

To get some insight into the stability of our method we borrow a model problem
from [8] which the authors propose as a test model to investigate stability. The test
model is a 2 x 2 linear ODE of the form

%:(‘? ‘11)0, G.8)
which in a number of steps with simplifying assumptions is obtained from (5.3)
through ‘linearization, freezing of coefficients, and Fourier-Von Neumann analy-
sis”. Specifically, we have —oc0 < dy < 0 with dy representing eigenvalues of the
discrete Laplacian A;. Hence dy depends on h~? and can become large negative.
Further, d represents an eigenvalue for the gradient equation and is determined by

second order spatial derivatives of u, v, w. To see this, consider the 1D gradient
equation

T~ few),

f(r(t)) = Aux(r(t),t),
then

SO 1,

So, for d we can think of finite values. However, d can also take on positive values.

With the stability test model we have

_(dy O
1=(% )
The Rosenbrock method then gives the recursion

= ( R&I g;; )c", (5.9)

where
Ru = 147 (20— rde)™ = (1 - yrdo)?) do + %72(1 — yrdg) 22,
R = 7(201—v7do)™ = (1 - y7do)2)
-l—%'r2 ((1 —ytdg) M+ (1 - 'yrdo)'zdo) ,

Ry = 1+Td+%'1’2d2.
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Note that Rj; = R(tdp) with R the stability function (5.6). Likewise Ry (z) =
1+z+2%/2is the stability function of (5.7). Iterating the recursion (5.9) gives

R? Q
- 11 )CO,
(7§ &

n-1 .
Q = Rpp ) RLRITL
i=0

For a stable scheme we must have power boundedness, i.e., [[c"|| < C Hcﬂ ,with C

independent of . We can guarantee power boundedness if we have

IR11]" < C11, |R22|" € Ca2, |Q| < Cya, with Cqq, Ca, Cq2 independent of n.

In our implementation we limit ourselves to ¢y > 1/4, hence we have |Ry1| < 1.
Likewise, we consider only 7 < 2/|d| and d < 0 ensuring |[Ry;| < 1. Now let
R, = max (|R1u1|,|Rp,]), then

n—-1 .
QI = [Ru| |Y R Ry

i=0
n—1 i i1

< |Riz2| Y [Ro2[ [Ria "™
i=0
n—1

< |Rpp| Y R
i=0

= |Ryp| (n—1)R?1

< |Rygle™? !

n(r)

Hence |Q| is bounded independent of 7 if |R13| and 1/ In (R;!) are bounded. For
1/1In (R;1) to be bounded it is necessary to have |Ry| and |Ryy| strictly smaller
than one, instead of [R13| < 1 and |Rp;| < 1. The entry Rj; is even O(t) and
thus bounded. Hence we see that for a stable method we must have some damp-
ing for the test model (5.8), provided by the Rosenbrock method and the explicit
trapezoidal rule, in addition to the step size restriction T < 2/ |d|. If d is positive,
some error growth is natural. Note that these conclusions are valid uniformly for
—o0 < dg < 0.
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5.4.2 Spatial factorization

Since we neglect the terms oF,/dr, oF,/dp and 9F,/dr in the true Jacobian, the sys-
tems that need to be solved are

(I - 'yr%%) kK = Fp(c"), (5.10)
x1r = FE(c"), (5.11)
(I - 'y‘r%i;) Kp = FEp(c" 4+ 1K) — 2K9, (5.12)
2y = E("+1K1) - 2K1,, (5.13)

with the Jacobian dF, /dp evaluated at c = c". To further speed up the linear system
solution, we approximate the matrix with the following spatial factorization,

(1) (157 .

where Fpy and F,, contain only difference operators in either the x- or the y-
direction and Fyy + Fpy = F,. Further, in our implementation we have distributed
the loss terms and source terms equally (with factor 0.5) over F,y and F,y. Solving
the systems with factorized matrices requires the successive solution of systems of
a much smaller dimension, that are only coupled in the x- or y-direction. For each
grid line in (3 we encounter such a smaller sized system. These systems can be
solved far more quickly than the original ones. This is an application of approx-
imate matrix factorization. Examples of approximate matrix factorization can be
found in [2], [1], [9], [6] and [7].

The use of (5.14) does not cause a loss of order in accuracy of the numerical solution
since the order remains two for any approximation to dF,/dp. Note that (5.14)
implies that we approximate dF, /dp by

3Fyx/3p + 3Fsy/3p + YTF sz /3p OF,y /3p.

The factorization does somewhat weaken the stability properties, e.g., L-stability
is lost but otherwise the stability behaviour remains quite satisfactory.

5.5 Implementation of source terms and gradient

In our axon growth model it is assumed that all growth cones secrete identical
chemical compounds through which they attract and repel each other. It therefore
is possible that a certain growth cone responds to molecules secreted by that same
growth cone. For instance, a growth cone can be slowed down in its growth due to
the trail of attractant that builds up behind the growth cone. This self-interaction
can be very troublesome in a numerical implementation. In the model the growth
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cones are described as small particles that secrete chemicals in a small spatial re-
gion and sense the gradients in chemical concentrations in the same region. To
avoid self-interaction we consider only symmetrical source terms s(x) which do
not yield a direct gradient at the location of the emitting axon. Later on we will
present a condition that the numerical implementation must satisfy to mimic this

property.
To better understand how we can have self-interaction, and how this relates to the

symmetry of s(x), consider the following simplified version of the model which
contains only one axon at position (t) and no targets:

2
au(aa;,t) _ % ~ ku(x, £) + s(x — r(8), (5.15)
dr(t)  ou(r(t),t)
0 _ w00 (5.16)

By differentiating (5.16) with respect to t and substituting (5.15) we get

dri) (r(t) ) kau(r(t) t)

a2 - Q
+ ui();(zt) £) au(r(t) t) +

as(x —r(£))
9% x=p(r)

Hence when 95(0)/dx # 0, then the evolution of r(t) will be influenced by the
presence of s(x). This is a self-interaction since s(x — r(t)) represents an emission
by the axon located at r(t). Higher temporal derivatives of r(t) also only contain
odd spatial derivatives of s(x), i.e., d"r(t)/dt" contains

32"15(0) 92" 35(0) 9s(0)
2n-1y ’ g3y '’ "9x

To avoid self-interaction completely we must have that all odd derivatives of s(x)
vanish at x = 0, which holds if s(x) is symmetric.

To see what kind of numerical complications we can have due to self-interaction
we now consider some numerical implementations of (5.15) and (5.16). After spa-
tial discretization at grid points x; we get

dl_ld;i(_t) = Dyyu;(t) — ku;(t) + s(x; — r(t)),
T B Deun(0).

Note that we use D, and Dy, to denote spatial discretizations of d/dx and 9% /9x?,
instead of Vj and Ay, to stress that we now model a one-dimensional case. Further,
Py(r(t)) interpolates the grid function Dyuy(#) at location r(t). Note that as in
Section 3 we keep the same notation for r after spatial discretization. When we
now consider dr(t) /dt?> we see the source term contribution appearing as

Py(r(#))Dys{x; — r(t)). (5.17)
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In the remainder of this section we will examine this term for different spatial
discretizations. It will turn out that depending on the discretization chosen, the
contribution of this interpolated source term either vanishes or not. In our imple-
mentation a non-vanishing contribution is noticed as a growth cone that is blinded
by its own attractant and repellant and randomly wanders about the domain. It
will turn out that the choice for P, (r)D, and s(x — r(¢)) must be matched in some
sense to avoid an excessive contribution of the interpolated source term.

Depending on the size of the mesh width, we treat the source terms in one of two
ways. If the grid is coarse relative to the size of the sources, we treat the sources
as point sources. When the grid is sufficiently fine we take into account the finite
spatial extent of the sources.

5.5.1 Highly localized source term

First we consider the case of a relatively coarse grid. When the spatial extent of the
source term is smaller than twice the mesh width, we distribute the source term
over the nearest grid points. Note that in this section we attempt to model a point
source and must therefore choose an appropriate distribution over the nearest grid
points. In the next section we consider a source term with a spatial extent and the
source term is in principle fixed by the biological model.

It is insightful to examine a few source term implementations together with choices
for the gradient operator on a grid of points x; = ih.

Example

As a first implementation for the discrete gradient operator consider for a grid
funtion fj

Py(r)Dyfy = f'“h—‘f’ x; <7< Xiy1e (5.18)

As implementation of the source term consider
1 C i
s(ri—r)=s(xia -1 =5, x<r<xi, silG-r=0 jELi+L

i.e., the source flux is divided evenly over the two nearest grid points. Taking these

implementations together yields for the term (5.17)

s(xig1—r)—s(xi—r)  1/2-1/2
h T R

Py(r)Dys(x; — 1) = =0, x <71 <X,

hence we have a vanishing contribution, which is satisfactory. Now consider the
same implementation for the gradient but replace the source term interpolation
with

si(xi—7)=1/h, s(xj—r)=0, r—h/2<x<r+h/2, j#i
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i.e,, all source flux is attributed to the nearest grid point. The term (5.17) then
becomes
s(xiy1— 1) —s(x; — 1) 1
Py(r)Dys(x; —r) = = . (% =— XST<x +h/2.

Hence, we end up with a non-vanishing contribution that is inversely proportional
to h2. In the case that we would attempt to model a delta function type source term,
this contribution would lead to a scheme that does not converge when we consider
the limit & — 0. In the case of a source term of finite spatial extent, the problem is
less severe since, eventually, decreasing the mesh width h will resolve the source
term on the spatial grid. Resolved source terms are discussed in the next section.

Condition on implementation of source term and gradient

We have seen that for an acceptable implementation of source term and gradient
we must demand that (5.17) vanishes. Now we introduce some notation to work
out the consequences of this restriction. For the discretized approximation of the

source term we write
1
s(x,- - T') = EO,-,

where 0; are weight functions that smear out the point source behaviour over a
limited number of points near r. To conserve mass the 6; must satisfy

Y 6=1 (5.19)
i
For the discretized gradient operator, acting on a grid function f;, evaluated in
point r, we write
Py(r)Dxfu = }_¢ifi
1

where ¢; are weight functions that, under summation, construct an approximation
to the gradient of f, in point r out of surrounding values of f;.

Using the above notation we have

Py(r)Dys(x; — 1) = E (P]Te’
]

For a suitable combination of source term and gradient discretization
Py (x)Dys(x; — 1) (5.20)
must vanish, hence we must have

Y ¢i6; =0. (5.21)

Using this condition we can choose matching discretizations for source term and
gradient. Again this is clarified by looking at some examples.
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Example 1
As before, consider

Py(r)Dyfy = HIT_fi, x; <7< Xigy,
as an implementation for the gradient. This corresponds to

1 1 .
¢i+1=;/ $i=—7 ¢;=0, j#ii+l

Imposing restriction (5.21) then yields

%9;' - %9i+1 =0,
while we also impose (5.19), which yields
0;+0;,1=1.
These restrictions together yield
0;=0;i11=1/2, x;<r<xyy, 6;=0, j#Fii+]1l.
Note that this corresponds to the source term implementation that led to
Py, (r)Dys(x; — r) = 0 in the previous example.

Example 2

Now consider

Xy —rfii—fia r—ZXifia—fi
PurDefu = =5, 2t kR 2n
which corresponds to

i <r<xi, (6.22)

r—Xit1
i1 = 2h£ , (5.23)
X;—7r
;i = —12h2 , (5.24)
Xi —-r
¢i+1 = ';1,12 ’ (525)
r—X;
TR (5.26)
=0, jAi-1,ii+1,i+2. (5.27)
P ]

This implementation for the gradient corresponds to second order central differ-
ences in x; and x;,; combined with linear interpolation. In choosing an imple-
mentation for the source term we now have four degrees of freedom, i.e., §;_1, 0;,
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0i11, 0i12. To fix these degrees of freedom we have only two restrictions, (5.19) and
(5.21). To close the system we simply choose 6;_; = 6,5 = 0, which makes the
discretized source term more local which is natural since the spatial extent of the
source is smaller than twice the mesh width. We are left with

xXj—r Xj1 —71
12h2 0; + 1;1,12 011 =0,
and
0;+6;1=1,
which leads to I I
bi=1-—" fa=1+—"5, (5.28)

i.e., the source flux is linearly distributed over the nearest grid points.

Implementations used for the current work

Implementations (5.22) and (5.28) for the source term and gradient prove very
useful in numerical practice. Hence these implementations were used to obtain
the numerical results presented further on. Since we consider a spatially two-
dimensional problem, the implementations were extended to two dimensions with
a straightforward tensor product approach.

Higher order discretizations

It seems straightforward to extend the above reasoning to obtain higher order dis-
cretizations for (highly localized) source terms and gradients. In particular, we
have examined a source term implementation compatible with fourth order Her-
mite interpolation. However, this higher order implementation did not compete
with (5.23) and (5.28) in numerical experiments.

5.5.2 Resolved source term

When the mesh width is smaller than the spatial extent of the source term we say
that the source term is resolved. The source term function s(x — r), which is still
localized around x = 7, then spans several mesh widths. Depending on the choice
for the implementation of the gradient operator and interpolation, there exist lead-
ing order expressions (in the mesh width k) for the contribution of P, (r) Dys(x; —r).
For the implementation (5.18) we obtain

P, (r)Dys(x; — 1) = %(1 — 2a)hs@(0) + Ry,

assuming smoothness, where & € [0, 1] measures the position r relative to the near-
est grid points and Ry is a remainder term of O(h?) that vanishes for h — 0. For
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what follows R; is not negligible, but we focus on the formal leading order term
anyway since that suffices to make our point. Likewise, for the implementation
(5.22) we obtain

Py(r)Dys(x; — 1) = %(1 ~28)(a — 1)ah3s™)(0) + R,.

Note the absence of a term ~ k2. This is due to s3)(0) = 0 since s(x) is supposed
to be symmetric around x = 0. Since these expressions vanish as h — 0 they seem
quite satisfactory. In practice h is finite of course and the contribution depends on
the size of 5(2) (0) and s(4)(0), respectively.

Smooth Gaussian type source term

Like in [5] we now consider a source term of the type
s(x) = e,

which does not truly vanish away from x = 0 but can be made very small away
from x = 0 by taking 7 sufficiently large. In a practical implementation we typi-
cally choose the mesh width h such that the source term is resolved on several grid
cells, i.e., we can put

s(h) =eP,
where B is of order 1. For such a mesh width we thus have

1= B/
For 5(2)(0) and s(4)(0) this yields

2 122

s@(0) = -zé-‘, s®(0) = h—f
Hence for the contributions of the term P;,(r)Dys we get
1
Py(r)Dxs(x; —7) = ~B(1-24) + Ry,

for the implementation (5.18) and
Py(r)Dys(x; — r) = 28%(1 — 2a) (& — 1)0% +Ry,
for the implementation (5.22). For both implementations we find
Py(r)Dys(x; — 1) ~ % +R.

In fact, for other gradient implementations we will still usually have

Ph(r)st(x,' - r) = hns("+1)(0) +R~ % +R.
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Note that we are not stating this as an asymptotic result; when we consider the
limit # — 0 and keep 7y fixed, the contribution P, (r) Dys(x; — r) will vanish. How-
ever, for a fixed sensible choice of the mesh width h relative to the spatial extent of
the source term, the term P, (r)Dys(x; — r) yields a term proportional to 1/h.

Implemented resolved source term

We now consider a very simple type of source term for which P, (r)Dys(x; —r)
vanishes in a natural manner. Denote the source term’s spatial extent by /. When
h > 1/2 we treat the source term as a highly localized source term discussed ear-
lier. When h < 1/2 we treat the source term as a hat function that is zero outside
its base of length [, has its maximum halfway that base and varies linearly be-
tween the maximum and the end points of the base. A straightforward calculation
shows that for this source term the gradient implementation (5.22) always yields
Py(r)Dys(x; —r) = 0. The implementation (5.18) still gives Pj,(r)Dys(x; — 1} ~
1/h + R and should therefore not be used in conjunction with this source term.

5.6 Numerical results

5.6.1 Convergence

In Figure 3a-d axon growth paths are shown for 5 axons growing towards 5 tar-
gets. See section 2 for the values of the problem parameters that were used. The
sub-figures are computed on grids of increasing resolution ranging from 65 x 65
grid cells to 513 x 513 grid cells. Before starting the actual integration the field
equations were marched to steady state while keeping the axons fixed at their ini-
tial positions. During the integration the target concentration field was kept fixed
at the steady state, which is natural since it is independent of the axons positions.
Putting the field equations in steady state beforehand is justified if the time scale
of the gradient equation is an order of magnitude larger then the time scale of the
field equations. The source term was taken to be of the hat function type, the differ-
ential operators were discretized by central differences and the interpolation was
done with bi-linear interpolation, as in (5.22) for the 1D case. The time stepsizes
used for time integration were taken inversely proportional to the mesh width and
are given in the figures’ caption.

In Figure 4 the path of a single axon is plotted for different grid resolutions. From
this plot we see that the observed path converges, however non-monotonically.
Hence, provided the mesh width and step size are small enough, taking a smaller
mesh width and step size does not yield a different path for the axons. Mesh width
and step-size are reduced simultaneously to avoid stability problems. When only
the mesh width is reduced, the method eventually becomes unstable. This is not
in accordance with the stability analysis for the simple test model from Section 4.
Convergence is only observed for a very fine mesh width due to the sensitivity
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Figure 5.3: Axon growth paths for different grid resolutions
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of the problem. Small changes in mesh width can have a strong impact on the
paths of the axons. This is not unexpected since the effects of mesh width related
discretization errors on the axon path accumulate over the entire time integration
interval. Therefore it seems attractive to use an effective higher order spatial dis-
cretization.

0.3
0.2}
0.1}
o} —  129x129 =
— - 257 x 257 )
G4 L — 818=813 L
- 1025x1025
0.2

-0.1 -0.05 0

Figure 5.4: Single axon growth path for different grid resolutions

5.6.2 Stability

Since we do not have a textbook condition for the maximum allowable time step-
size for our method applied to the axon growth problem, we have done numerical
experiments to determine a maximum step size. We ran our program with dif-
ferent step-sizes and looked for signs of instability, e.g., amplified wiggles in the
axon paths. When we saw these signs we deemed the step size too large. In Table 1
we have listed the thus determined maximum step sizes for several different mesh
widths. From the table we see that a smaller step size is required on finer spatial
grids. Halving the mesh widths requires halving the time step-size, approximately.
It thus seems worthwhile to examine more stable methods.

5.6.3 Efficiency

An important merit of our method is that it solves the problem at hand efficiently
compared to a number of other methods that one could consider. This merit comes
forth from the explicit gradient equation treatment and the spatial factorization
which greatly reduces the complexity of the linear algebra problem that needs to
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|  Grid [ maximum step size |
65 x 65 12.5
129 x 129 6.1
257 x 257 3.0
513 x 513 1.4

Table 5.1: Experimentally observed maximum step sizes

be solved. Due to the factorization, small sized one-dimensional systems need to
be solved instead of one large two-dimensional system.

To get some quantitative idea of the efficiency of our method, we compared it with
another one, i.e., the Runge-Kutta-Chebyshev (RKC) method described in [8]. This
method is fully explicit and is stabilized at the expense of additional function eval-
uations. We applied the RKC method to the same problem and obtained the same
solutions with it. In Table 2 the wall-clock times for RKC and our Rosenbrock
method (ROS2) are listed. These times refer to runs on a single processor on iden-
tical hardware with the same time step-sizes. The RKC program was written in
Fortran while our ROS2 method was implemented in C, but this should not have a
strong influence on the run times. As we can see from Table 2, ROS2 is faster than
RKC, however the difference is only about 30%.

|  Grid [ ROS2runtime | RKC runtime |

65 x 65 14 19
129 x 129 110 149
257 x 257 815 1207
513 x 513 7124 11431

Table 5.2: Runtimes for our ROS2 method versus the RKC method

5.6.4 Parameter sensitivity

For the numerical results to be in qualitative agreement with biological experi-
ments, we ought to observe a bundling and debundling of the axons. For certain
sets of problem parameters, this indeed does occur, see Figure 3. However, it is in-
teresting to know whether this behaviour persists when the parameters are slightly
perturbed. We have found that around a set of parameters for which bundling
and debundling occurs, an interval of parameter values exists for which this still
holds. Outside this interval, either bundling, debundling or both no longer occur.
In Table 3 this parameter sensitivity is portrayed. The results in Table 3 refer to
the same experiment as before, performed on a 257 x 257 grid. All parameters are
kept fixed, except for A,, the parameter for growth cone sensitivity to cone derived
attractant. For A, € [0,3.88 - 10‘6) the axons do bundle but do not debundle, i.e.,
they grow jointly to a single target. For A, € [3.88-107%,6.04 - 10~%) the axons
bundle and partially debundle; they ultimately grow towards three targets. For
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Ap € [6.04-1076,7.81-107°) the axons bundle and debundle completely in that
they each grow to a different target. For A, > 7.81 - 10~ the axons no longer bun-
dle and hence do not debundle either. Instead they grow away from each other
and eventually leave the computational domain. We see that around A, = 5-107°
full bundling and debundling occurs but also that a change of A, by about 20%
prohibits either bundling or debundling to occur. In other words, the system is
rather sensitive to changes in parameters since a 20% change in a single parameter
can change the qualitative behavior of the solution completely.

[ End points | A, |

1 0,3.88-107%)

3 3.88-107%,6.04-1079)
5 6.04-107%,7.81-1079)
- [7.81-107%, 00)

Table 5.3: Degree of debundling for different parameter ranges

5.6.5 Source term and gradient implementation

According to Section 5 it is imperative to have a source term and gradient im-
plementation such that the discrete gradient of the discrete source vanishes at the
origin of the source. To illustrate this claim numerically, we considered a single
parameter set and ran tests for different implementations of source term and gra-
dient. In Figure 5a the final axon paths are shown for the bilinear source term
and the bilinear interpolation and gradient implementation. In Figure 5b the axon
paths are shown for a piecewise constant source term and piecewise constant gra-
dient implementation. We see that both figures show qualitatively the same set of
growth paths. The paths shown in Figure 5¢ were obtained with piecewise con-
stant source term and bilinear interpolation while the paths in Figure 5d were ob-
tained with bilinear source term and piecewise constant interpolation. If we now
consider condition (5.21) then we see that the implementations that yield Figures
5a and 5b satisfy this condition while the implementations that yield Figures 5¢
and 5d do not. This is clearly reflected in the axon paths; the paths seen in Fig-
ures 5¢ and 5d are qualitatively different from each other and from the paths in
Figures 5a and 5b. Figures 5c and 5d clearly illustrate what can go wrong if the
implementation of the source term and gradient are not chosen carefully.

5.7 Discussion

Rosenbrock time stepping with an appropriate Jacobian matrix proved well suited
to the mixed parabolic-gradient problem that was considered. The freedom in
choosing an approximation for the Jacobian allows the parabolic and gradient
equations to be treated almost independently from each other. An extension to
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Figure 5.5: Axon growth paths for different source term and gradient implementations
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spatially three-dimensional problems seems certainly feasible. Spatial factoriza-
tion would then be done for all three spatial dimensions leading to even larger
gains in efficiency relative to a non-factorized approach.

It was shown that the implementation of the source term and gradient detection
is somewhat delicate and should not be constructed independently of each other.
In particular, a condition was derived that the combined implementation of source
term and gradient should fulfil, see condition (5.21).

Since the axon paths are quite sensitive to refinements in the mesh width very
fine meshes are needed to get spatially converged solutions. In a future method
higher spatial order of discretization might be attractive to get sufficiently accurate
solutions on coarser grids so that very fine grids are no longer needed. Further-
more, it might be interesting to see wether the integration of the gradient equation
can be stabilized since in the current Rosenbrock-Approximate Jacobian approach
it seems to dictate the overall stability. The gradient equation could be handled
implicitly or some form of RKC method could be used where the number of inte-
gration stages is increased to enhance stability, as in [8].

The model considered for axonal growth is a very simple one. To simulate more
realistic axonal growth in any detail will require a more elaborate model. Further-
more, the current model is somewhat awkward for numerical simulation due to
the absence of a physical dimension of growth cones and targets. As a result, in
the simulations the growth cones are capable to approach each other to distances
much smaller than could ever occur in biological experiments. The growth cones
can even collapse onto each other, leaving them at the same location. When this
happens, debundling is no longer possible since the cones can then no longer dif-
ferentiate between themselves and the other cones and can no longer be pushed
away from each other.
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SUMMARY

Since many real-life processes from engineering, physics, economics and a range
of other disciplines can be described with differential equations, there is a need for
practical methods for solving differential equations. Only in rare cases can differ-
ential equations be solved analytically. For the majority of differential equations,
at best approximate solutions can be computed with the help of computers. With
the power of modern computers and the sophistication of current algorithms this
can often be done in a straightforward manner. However, there still exist numerous
problems for which the numerical solution of the underlying differential equations
is not straightforward.

A well-known example of a numerically difficult problem is the solution of the
full Navier-Stokes equations, especially under turbulent conditions. Another ex-
ample is that of global atmospheric transport models used for modeling pollution
or forecasting the weather. In these models the number of unknowns required to
accurately capture the spatial variations of the solutions can be excessively large.

The main focus of this thesis lies on a method that holds the promise of alleviating
the restriction of excessively large numbers of unknowns. This is the sparse grid
combination technique, which aims to solve a set of differential equations using
significantly fewer unknowns. In fact, in the limit of high accuracy, the number
of unknowns required by the sparse grid combination technique is independent
of the spatial dimensionality of the problem. E.g., asymptotically a spatially 3D
problem requires the same order of unknowns as a spatially 1D problem.

The sparse grid combination technique can be understood as a multivariate ex-
trapolation technique. Instead of solving a set of differential equations on a sin-
gle grid, solutions are obtained on a number of semi-coarsened grids. After solv-
ing these semi-coarsened problems, the solutions are combined to obtain a single,
more accurate solution. In Chapters 2, 3 and 4 of this thesis error expressions are
derived that measure the approximation error due to the sparse grid combination
technique. Furthermore, test cases are considered numerically to validate these ex-
pressions and to test the applicability of the technique for a number of problems.

It becomes apparent that the sparse grid combination technique can be highly ef-
ficient for some problems. Especially problems that contain locally lower dimen-
sionality are well suited for the sparse grid combination technique. E.g., in Chap-
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ter 4 the sparse grid combination technique is shown to be effective for a 2D-flow
problem containing locally 1D solution layers. However, it also becomes apparent
that the sparse grid combination technique is less well suited for other problems.
E.g., in Chapter 3 it is shown that for a model problem without locally lower di-
mensionality the sparse grid combination technique is less efficient than Richard-
son extrapolation.

In Chapter 5 of this thesis a mixed gradient-diffusion problem is considered. The
motivating application for this problem is that of axon growth studied in neuro-
biology. In biological experiments it is observed that axons bundle and debundle
during their growth. An initial model is considered which assumes that the axons
secrete chemical substances through which they communicate with each other. It
is shown that this initial model can already predict the bundling and debundling
behavior, albeit for a small range of parameters. Furthermore, an important com-
plication inherent in the model is pointed out. Le., in a numerical implementa-
tion there exists a danger that the axons blind themselves with their own chemical
emissions. A condition is presented that the numerical scheme must satisfy in or-
der to avoid this self-blinding of the axons.




SAMENVATTING

Aangezien veel alledaagse verschijnselen uit de techniek, natuurkunde, econo-
mie en een aantal andere disciplines beschreven worden door differentiaalverge-
lijkingen is er een behoefte aan praktische oplosmethoden voor differentiaalverge-
lijkingen. Alleen in uitzonderlijke gevallen kunnen differentiaalvergelijkingen an-
alytisch worden opgelost. Voor het merendeel van de differentiaalvergelijkingen
kunnen hoogstens benaderende oplossingen uitgerekend worden met behulp van
computers. Met de rekenkracht van moderne computers en algoritmes zijn deze
benaderende oplossingen vaak relatief eenvoudig uit te rekenen. Er bestaan echter
ook ettelijke problemen waarvoor het numeriek oplossen van de onderliggende
differentiaalvergelijkingen niet eenvoudig is.

Een bekend voorbeeld van een numeriek moeilijk probleem is het oplossen van
de volledige Navier-Stokes vergelijkingen, met name in het geval van turbulente
stroming. Een ander uitdagend probleem ligt in globale atmosferische transport-
modellen voor het modelleren van luchtvervuiling en het doen van weersvoor-
spellingen. In deze modellen is het aantal vrijheidsgraden dat nodig is om de
ruimtelijke variaties te beschrijven erg groot.

De nadruk van dit proefschrift ligt op een methode welke in potentie het prob-
leem van te veel vrijheidsgraden kan oplossen. Het gaat om de "sparse-grid com-
binatietechniek’, bedoeld om een stelsel differentiaalvergelijkingen op te lossen
met significant minder vrijheidsgraden. In de limiet van hoge nauwkeurigheid is
het aantal vrijheidsgraden zelfs onafhankelijk van de ruimtelijke dimensionaliteit
van het probleem. Een ruimtelijk 3D probleem vraagt bijvoorbeeld asymptotisch
dezelfde ordegrootte van onbekenden als een ruimtelijk 1D probleem.

De sparse-grid combinatietechniek kan worden opgevat als een multivariate ex-
trapolatietechniek. In plaats van een stelsel differentiaalvergelijkingen op te lossen
op een enkel rooster worden oplossingen uitgerekend op meerdere grovere roost-
ers. Na het oplossen van deze grovere problemen worden de oplossingen gecom-
bineerd om zo een enkele, meer nauwkeurige oplossing te verkrijgen. In de Hoofd-
stukken 2, 3 en 4 wordt het duidelijk dat de sparse-grid combinatietechniek zeer
efficiént kan zijn voor bepaalde problemen. Met name problemen met lokale lagere
dimensionaliteit zijn zeer geschikt voor de sparse-grid combinatietechniek. In
Hoofdstuk 4 blijkt de sparse-grid combinatietechniek bijvoorbeeld effectief voor
een 2D stromingsprobleem met lokaal ééndimensionaal oplossingsgedrag. Het



126 SAMENVATTING

blijkt echter ook dat de sparse-grid combinatietechniek minder geschikt is voor
andere problemen. Zo wordt in Hoofdstuk 3 aangetoond dat voor een model
probleem zonder lokale lagere dimensionaliteit de sparse-grid combinatietechniek
minder efficiént is dan Richardson extrapolatie.

In Hoofdstuk 5 wordt een gemengd gradiént-diffusie probleem beschouwd. De
motiverende applicatie voor dit probleem is een axonen groeimodel uit de neuro-
biologie. In biologische experimenten blijkt dat axonen tijdens hun groei eerst een
bundel vormen en later deze bundel weer verlaten. In een initieel model wordt
verondersteld dat de axonen chemische substanties uitscheiden waarmee zij met
elkaar communiceren. Het wordt aangetoond dat dit initiéle model voor een klein
parameterbereik inderdaad voorspelt dat bundelvorming en -verbreking optreedt.
Verder wordt een belangrijke complicatie aangetoond, welke inherent is aan het
model. Er bestaat namelijk het gevaar dat de axonen zichzelf verblinden. Een
voorwaarde wordt gepresenteerd waaraan het numerieke schema moet voldoen
om te garanderen dat deze zelfverblinding niet optreedt.
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